Introduction

Differential modalities were introduced in
1| and graded differential modalities in
2|. We present a way of forming an N-
oraded differential modality from a dif-
ferential modality, under mild conditions.
The letters R, S will designate commu-
tative semirings.
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The definitions

DEF1 An additive symmetric monoidal
category 1s a symmetric monoidal
category such that every hom-set is
a commutative monoid and for every
morphism f we have that f ® —, — ® T,
—; f and f; — preserve sums of maps and
Z€ro maps.

DEF2 An R-graded differential modality
on an additive symmetric monoidal cat-
egory L is a tuple (!, m,u, A, €, 0) where
= (1. : L — L),cpr is a family of endo-
functors; m = (m, s : s A = L1 A) ser
is a family of natural transformations and
uw : 1A — A is a natural transforma-
tion such that (!,m,u) is an R-graded
comonad; A = (A, : L4 - LA®
1sA), ser is a family of natural transfor-
mations and € : !9pA — [ is a natural
transformation such that (!4, A, ¢) is an
R-graded cocommutative comonoid; m is
an R-graded comonoid morphism and the
following equalities are verified (for every

r,s € R):

(i) Linear rule: dp;u =€e® 1

(ii) Product rule: Or4s4+1;Drt1,s41 =
(Ar—l—l,s 02y 1); (1 02y ar) + (Ar,s—l—l Y 1); (1 024
v); (Or ® 1)

Chain I'U_lel 8TS—|—T—|—S; mfr_|_]_’s_|_]_
(Afrs—l—r,s X 1); (mr,s—I—l X 6s)§ ar

Symmetry rule: (1 ® o0);(0r ® 1); 0r41
(Or ®1); Or+1

DEF3 A differential modality is a
0-graded differential modality.

DEF4 Given a differential modality, we
define 0™ : 1A @ A®" — 14 by 0 = 1ia
and 0" =0" ® 1;0.

Yet another definition

DEF5 Let M = (!,m,u,A,e,0) an
R-graded differential modality, M’ =
(M, m',u', A’ €', 0") an S-graded differen-
tial modality and p : S — R a semir-
ing homomorphism. A p-morphism of
oraded differential modalities from M to
M’ is a family of natural transformations
(¢s @ lysyA — L A)ses such that the

following diagrams commute (for every

s,t €9):

Mp(s),p(t)

> o)y 4

Jfbs.(bt

Lo(s)e(t) A

o(s)+14

(br—l—l

The theorem

Given a differential modality on £, sup-
pose that we have such a coequalizer dia-
oeram for every object A and every n € N:

an—l—l

1A ® A®™

1A=y 1A

0

Suppose also that we keep a coequalizer
diagram by applying ® A to this
diagram.

Then,
N- graded

('<n7 6_
such that.

unique
modality

0=) on L

there exists a
diﬂerential
<
A n,ps 11

>
1) the endofunctor !«,, : £L — L gives
l«n A when applied to an object A,

2) (Sn)nen is a (0 : N — 0)-morphism
of graded differential modalities.
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An example
We can take £ = Vec;  and !A = SA

the free symmetric algebra on A.

If chark = 0, S<,(k) =~
klz], degf < nf}.

) <

But the story is different in positive
characteristic. For instance, if £ = Zs,
then S<o(k) ~ {f(x?), f € k[z]} and
S<n(k) = S(k) ~ k|x| if n > 1.

Useful 1dentities

The following identities are essential
to the proof of the theorem. They are
satisfied by every differential modality:.

(The notation A F mn means that
A= (mi(A),...,mp(A)) € N" is such that
1.m1(A) + ... + n.my(A) = n, we define
A"™ by Al = vdy 4 and ANGUEIEE= A AR,

| and 7, 1s an Interleaving permutation

|| associated to \.)

(v) Constant rule:

(vii) Higher-order product rule:
n, — L .
A= (k)A®1,
0<k<n
1®’Y!A’A®k ®]—7
ak R a’n—k

(viii) Faa di Bruno rule:
n!

AFEn H m ()\)'(]')mﬂ (A)
71=1

-A1+m1(>\)—|—~--‘|‘mn(>‘) % 1A®nj| s T

_m R (al)@ml(k) R... R (@n)@)mn(k)} :

8;’:”’41 ()\)—I——I—mn()\)

(ix) Higher-order symmetry rule:
(for every 7 € &,,)

Lig®T1;0" =0"
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