0.1 A monad on a slice category arising from a monad in
the underlying category

Let C be a category with Cartesian products, and (T, i, 7) a monad on C. Recall
that T is said to be strong with respect to the Cartesian product if there is given
a natural transformation axy : T(X) x Y — T(X x Y) satistying some laws:
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These equations are taken from nlab.

Strong monads were introduced by Kock. They have been used by Moggi to
develop semantics of sequenced computations.

Fix a category C with finite limits, and let (T, i, ) be a strong monad on C.

Fix Y an object in C. In this section we will construct a monad (R, u’t, n'?)
onC/Y.

Lemma 1. The following diagram commutes:

T(X)xY 225 T(X xY)
s lﬂm (5)

Proof. Let !y denote the unique morphism Y — 1. Apply naturality of « to
(idx,!y) and use[l] with 4 := X. O

For f: X =Y, we write E(f) for dom R(f).
In what follows, for f : X — Y, grf denotes the graph of f, the map
(dx,f): X - X xY.



We first define R on objects. We define E(f) by the following pullback
square:
E(f) — T(X)

l - lT er f (6)

TX xY 225 (X x Y)

and R(f) is defined to be the second component of the left map of @, the
composition

R(f)=B(f) = TX xY 5 Y (7)

Iff: X —->Y f :X — Y are two objects in C/Y, and g : X — X' a

morphism in C/Y, it is clear how to use the universal property of the pullback

E(f’) to construct amap R(g) : E(f) — E(f'), and immediate that it commutes

with the maps R(f) and R(f’). We omit routine verification of the identity and
composition laws for R.

Lemma 2. Let t(f) : E(f) — T(X) be the top map in[f and s(f) : E(f) —
T(X) x Y the left map in[6f Then t(f) = nrx o s(f), or equivalently s(f) =

(t(f), R(f))-
P’I‘OOf. By TTrx = T(TFx) oax)y, SO

T(mx)oaxy os(f)
T(mx)oT(gr(f)) o t(f)
T(mx ogr(f))ot(f)
t(f)

mrx o s(f)

O

We will use the notation #(f) for the canonical map E(f) — T(X) again in
what follows.

We describe the unit n}:‘ : f = R(f). To construct a map X — E(f), by
the universal property of the pullback it is necessary to give maps ag : X —
TX,a1: X = Y,a2: X - TX, subject to the requirement that ax, yo(ap,a1) =
T(gr f) o az. We will take ag = ag = nx and a1 = f.

Let us verify that the necessary coherence condition is satisfied:

T(gr f)onx
=nxxyogrf
=axyo(nx xidy)ogrf
=ax,y o (nx, f)
as desired.

It is clear by the choice of a1 := f that nf} is a morphism in the slice category
C/Y.



Let us turn to the multiplication pf.

In the following, T'(f)*a1,y : E(f) — T(X) denotes the leg of the pullback

cone defining E(f) over T(f) in[6]

To give a map E(R(f)) — E(f), it suffices to give maps by : ERf — TX
and by : ERf — TX XY with axxy ob; = T(gr f) o bg. We will take by to be

Rf)

bo = ERf "0 ppyp) T p2x 1y

and we will take by = (by, R2(f)).
Let us prove that the necessary coherence condition is satisfied.

T(gr f)obo

=T(grf)opx oT(t(f)) o t(Rf)

= pxxy o T?(gr ) o T(t(f)) o t(Rf)

= pxxy o T(ax,y) o T((t(f), R(f))) o t(Rf)

= pxxy o T(ax,y) o T(t(f) x 1y) o T(gr(Rf)) o t(Rf)

= pxxy o T(axy) o T(t(f) x 1ly) o agysy o (t(Rf), R*f)
= pxxy o T(ax,y)oarxy o (T(tf) x 1y)o (t(Rf), R*f)
= axy o (ux x ly) o (T(tf) x 1y) o (t(Rf), R*f)

= axy o (by, R2f)

(8)
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