A NOTE ON PRODUCTS

JEAN-BAPTISTE VIENNEY

ABSTRACT. An equivalent definition of the notion of product in a category is presented.
It is stated in terms of an algebraic structure rather than a universal property.

1. Introduction

The usual definition of a product of two objects in a category is stated in terms of a
universal property. It is commonly admitted [3] that the connector & of linear logic [1]
must be interpreted in the categorical semantics as a product.

Indeed, the three related inference rules make this connector look like a product:

BFC AFC ., AFB ArC
A&BFC ! A&BFC ! AFB&C

r

One of the most important properties that a logical system expressed in sequent calculus
must verify is cut elimination. “A sequent calculus without cut-elimination is like a car
without an engine” [2] in the words of Girard.

Cut elimination is a rewriting process that moves the instances of the cut rule

A+ B BEC

cut
AFC
at the top of the proof, ultimately eleminating them when they arrive at the level of an
axiom
ax
AFA
by the rewriting rules
i
: ™
ax : :
A A A+ B 7 :
cut A+ B
A+B
and
T
: s
‘ ax :
A+ B B+B w7 :
cut A+ B

A+ B

Categorically, the axiom is interpreted by the identity, the cut rule by composition, and
the two preceding cut elimination steps express the unitality of composition.
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The other cut elimination steps which interest us are

Uyt 2

T
: : — ax 1 m
XHA X+B AR A : — ax .. :
& ———— & 7 XFA AFA :
X+HA&B A& BFA cut XFA
cut XEFA
XHA
1 o
. . 2
: : ax : 2
XEFA X+B BFB : ax :
& ——— & 7 X+B BFB e :
XFA&B A& B+ B cut X+B
cut X+HB
X+B
1 2 o B! o 2
o : : : : : :
XHA X+B ~ YFEX XEFA YEX X+B
: &, cut cut
YRX XFA&B cut YA YI—B&
YHA&B YHA&B '

Categorically, they must be interpreted respectively as (w1, m2); p1 = 1, (71, T2);p2 = T2
and mo; (71, ) = (mo; 71, T1; T2).

Moreover, another equivalence, which is not related to cut elimination, is commonly
imposed on proofs. It is named n-equivalence. In the case of the connector &, it is
expressed as below:

ArA ™ BrB
B U ——
A& BF A AYBEB ' 1 ALBrALB
A& BF A& B "

Categorically, it must be interpreted as (p1,p2) = laxn

In the next section, we show that these four equations provide an equivalent definition
of binary products in category theory. We also mention terminal objects (although the
observation is quite trivial in this case). In the third section, we generalize to arbitrary
products.

These observations about products can of course be dualised to apply to coproducts.

2. An equivalent definition of binary products

2.1. PROPOSITION. Let C be category and A, B two objects of C. A product of A
and B can be defined as an object A x B together with:

o for every object X, a function (.,.)x : C[X, A] x C[X,B] — C[X, A x B,
e a morphismp, : AX B — A,

e a morphism py : A X B — B,
such that:

e for every object X, for every morphisms f : X — A and g: X — B:
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e for every object X, for every morphisms f : X — Aandg: X — B :
(f.9)xip2 =g, (2)
e the following equation is verified:
(p1,p2) axB = laxs, (3)
o for every objects X,Y and morphismsu:Y - X, f: X - A, ¢g: X > B:
(u; fru;9)y = w; (f, 9)x. (4)

PROOF. Suppose that (A x B,p1,p2) is a product of A and B. We already know by
definition that Equation (1) and Equation (2) are satisfied. Moreover, 144 p satisfies
the equations 14« pg;p1 = p1 and 1axpg;pe = po. It follows that Equation (3) is satisfied.
For every objects X,Y and morphisms v : Y = X, f: X = A, g : X — B, we have
w {f,g)x;p1 = u; f and w; (f, g) x; p2 = u; g. Equation (4) is thus also satisfied. We have
thus the data in our proposition. Suppose now given the data in our proposition. Given
an object X, two morphisms f : X — A, g : X — B and a morphism v : X — Ax B such
that v;p; = f and v;py = g, we obtain by applying (.,.)x that (v;p1,v;p2)x = (f, 9)x-
By applying Equation (4), we obtain that v; (p1,p2) ax = ([, ¢) x and then, by applying
Equation (3), that v = (f, g)x. It follows from this fact and Equation (1), Equation (2),
that (A x B,pi1,p2) verifies the required universal property and is a product of A and
B. ]

Note that if we want to define a terminal object in our style, we only have to say that
it is an object T together with, for every object X, a morphism ¢x : X — T such that
for every morphism f : X — T, the equation f = tx is satisfied.

3. An equivalent definition of arbitrary products

3.1. PROPOSITION. Let C be category, I a set and (A;)icr a family of objects of C.

A product of the objects A; can be defined as an object [ A; together with:
iel

o for every object X, a function { )x : [[C[X, Ai] = C[X, [[ 4],
i€l il
o for everyi € I, a morphism p; : [[ A; — A,
iel
such that:

o for every object X, for every family of morphisms (f;)icr € [1C[X, Ai], for every

i€l
i1el,
(fii € D)x;pi = fis (5)
e the following equation is verified:
(pisi€)ma, =114 (6)

iel i€l

o for every objects X, Y, morphisms u: Y — X and family of morphisms (f;)icr €
HC[Xv Ai];
el
((us fi),i € Iy = u; (fi,i € I)x. (7)
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PROOF. Suppose that ([] A, (pi)ier) is a product of the objects A;. We already
il
know by definition that Equation (5) is satisfied. Moreover, 117 4, satisfies the equation
i€l
117 4,;p:i = p; for every i € I. It follows that Equation (6) is satisfied. For every objects
1e€T
X, Y, morphism u : Y — X and family of morphisms (f;);er € [[C[X, A;i], we have for
i€l
every i € I, u; (fi,i € I)x;p; = u; fi. Equation (7) is thus also satisfied. We have thus
the data in our proposition. Suppose now given the data in our proposition. Given an
object X, a family (f;)icr € J]C[X, A;] and a morphism v : X — []A; such that for
il i€l
every i € I, v;p; = f; we obtain by applying ( )x that ((v;p;),i € I)x = (fi,i € I)x.
By applying Equation (7), we obtain that v; (p;,i € I) 74, = (fi,4 € I)x and then, by
i€l
applying Equation (6), that v = (f;,7 € I} x. It follows from this fact and Equation (5),
that (] A4, (pi)icr) verifies the required universal property and is a product of the
i€l
objects A;. [
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