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-
What I'm going to talk about..

@ “Given a chunk of space as a slice of spacetime, how many quanta
does it contains?”. This question is ill-posed. Why?

@ Anything else? Coarse-graining for a system of quanta of space.
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Background and motivation

Why asking such question?

@ Important for counting state for blackholes, thermodynamics aspect
of LQG, etc.

@ Need to clarify things: there is confusion when people talk about
quanta.

@ Quanta are not defined globally, it depends on what we want to
measure.
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Outline

© What is a particle?

© Quanta of space
@ Spin network state in LQG

© Transformation of spin network basis
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@ Spin network state of subset graph
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Seramika Ariwahjoedi (*~Aix-Marseille Univers How Many Quanta? FFP 2014

4/60



What is a particle?

1. What is a particle?
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What is a ‘particle’?

o Classical Physics: “.entity with mass, may have volume, localized in
space, have a well-defined boundary.”

@ Quantum Mechanics: '‘Quanta’ of energy.

@ Quantum Field Theory: ‘Quanta’ of energy from the excitation of
the field.

@ Notion of ‘particles’ depends on coordinates / basis chosen.
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What is a particle?

‘Particles’ depends on coordinates: Quantum mechanics

example.

@ System of 2 uncoupled harmonic oscillator can be written in different

coords:
vars. ‘ Hilbert space ‘ State ‘ # ops. ‘
{(q1,p1), (92, P2)} H=Hi®H> | |nm,m) N1z
{(qCMapCM)7(qr>pr)}7 H :HCM ®Hr |nCM7nr> NC
{(g+.p+),(q+.p+)} | H=Hi @H_ | |ny,n) | Ny

@ Have same Lagrangian and Hamiltonian.

@ Acting the number operators on the state, [¢)) expanded in different
basis will give different number of quanta: ny + ny, ncym + ny,

ny +n_.
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What is a particle?

Particles and number of particles depend on the
coordinate / basis chosen.
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Quanta of space

2. Quanta of space
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Quanta of space

Quanta of space.

Quanta of space is..
@ ..a quanta of energy from the excitation of the gravitational field.
@ In loop quantum gravity, each quanta is a 'quantum polyhedron’.
@ The geometry of quantum polyhedron defined by graph.
e We associate state (element of Hilbert space) for quanta of space.

@ The basis which spanned this Hilbert space is the spin network basis.
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Spin network state in LQG
Spin network state in LQG.

@ Spin network basis: |j, in) or |ji, va) -
@ It diagonalized the area and the volume of the tetrahedron.

@ Area operator is Apy = 81y G|Jpyy|, and the volume is v(Jpy) -
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Quanta of space

Space in LQG is discretized by a quanta of space,
the state of space is expanded using spin network
basis.
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3. Transformation of spin network
basis
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Transformation of spin network basis

Transformation of spin network basis

@ We want to have a spin network analog to the
transformation-to-center-of-mass-coord.

Ix1,%2) <= |[xcM, X))

differs in the 'size of grains’.
e In analog:
Ui, V) <= ljiL, v, @)
Ji, vi is the 'center-of-mass’ or 'big grains’ quantum numbers, « is
the 'reduced’ quantum number.

@ How to define 'big grains’ in spin network? — arbitrary division of
graph into subgraph — subset graph.

Seramika Ariwahjoedi (~Aix-Marseille Univers How Many Quanta? FFP 2014 14 / 60



S T
Subset Graph: definition

@ Earlier studies about the relation between graph: Livine and Terno [2],

@ Given a graph ~y, we define “subset graph” I as follow:
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S T
Subset Graph: definition

o Given a graph ~
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Subset Graph: definition

o Consider a partition of A into subsets N = {n, n’,n", ...}, called “big
nodes”, such that N is a connected component of ~.
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Subset Graph: definition
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is at least one link of 7 that links a node in N with a node in N/, then
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Subset Graph: definition

@ The set of the big nodes and the big links defines a graph, which we
call “subset graph” I of . .
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Subset Graph: definition

Together:

A graph 7 in black and subset
graph 1" inblue.
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sl
The algebra and holonomy of the subset graph

@ Algebra of operators and holonomies in Hr, of subset graph I for

each big link L:
JL = Z J/
leL
U, =0

@ the algebra structure Jr of variables in T is

|:JII_7-H_/] = 5LL’6iij£(
(Ui, U] = éuwr'Uy,
[U,Us] = 0

the same structure with 7, in graph 7!

Seramika Ariwahjoedi (~Aix-Marseille Univers How Many Quanta?

21/ 60



Sl v
Spin network state of subset graph

Subset graph I of v is a well-defined graph.

@ Can obtain the state in the same way as before, by using spin network

basis |j., vn) -
@ The non-gauge invariant Hilbert space is Hr C H,
e Taking gauge invariant, we obtain the invariant subspace: Kr C Hr

@ Now with these definition, we can start to write the transformation
we want, precisely!
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S UG A U=
Transformation of spin network basis

@ Assumption: For every K, C H, and Kr C Hr, there exist
transformation:

N:Ky = Ky
U/: Vn> — UL; VN, Od) )

where |j, vy) € Kr.

@ As a consequence of this assumption, Kr must be inside KC, :
Kr € K,.

@ But there is a problem: In general, it is not: Kr ¢ K. Even worse,
there is a case where:
Krn ]C»y =g
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NS EHTIN RN ECIOSESE Spin network state of subset graph

Problem

o Fact:

KyCHy, HrCH, KrCHr, K,NHr#©

=

o IsHr CIC,? Itis 'no’ in general. (itis, in a 'flat’ case).

@ Diagram of all possible case as follow:

HW Hw 7‘[7

)C»y Kr ICy Kr Kr IC y

three possibilities of the relation between K, and Kr

@ Using the same simple example, we can show that case Kr N K, = @
exist.
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NS EHTIN RN ECIOSESE Spin network state of subset graph

Problem

@ So, in general, Kr Z K,,.

@ Problem: don't have transformation A we assumed before: don't have
an analog of transformation-to-center-of-mass coord for spin network
states.

@ But instead, we propose another map, another procedure:
coarse-graining!
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NS EHTIN RN ECIOSESE Spin network state of subset graph

Transformation of spin network basis

There is no analog of 'basis-transformation’ which
differs in the size of grains inside physical Hilbert
space for spin network, so we propose
coarse-graining map as an alternative.
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Coarse-graining

4. Coarse-graining
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What is coarse-graining?

@ .. is a procedure to describe physicals system using smaller number of
variables, fewer degrees of freedom.

@ Example: the motion of a many-body problems is described by
physics of the center of mass, which coarse-grains the variables of the
individual bodies.

o Coarse-grained observables are quantized and can be discrete as a
consequence of quantum theory.

@ In terms of graph, coarse-graining is deforming the graph by reducing
number of links and / or node.

@ The Hilbert space of the coarse-grained graph is smaller than the fine
grained graph : degrees of freedom reduced.
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Coarse-graining map

Why do we need coarse-graining procedure? What does
coarse-graining has to do with the question?

@ There is no transformation A in general: no transformation from I,
to K, which have different number of node in the graph.

@ To still have a 'transformation’ of spin network basis, we define the
coarse-graining map:

T Ky @ K — Kr @ Kf

@ Instead of using a pure state, we use a more general mixed state:
density matrix.
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Coarse-graining map

@ How does the map works?

@ How to obtain coarse-grained density matrix from the fine grained
state?

@ The whole process is complicated, so we will only explain the general
idea using an example.
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M e ol
Sketch of the general idea

@ Take a 6 links example 4> Work in non-gauge full Hilbert space, and
use |j, m, n) basis.
@ We know that

®I’)L£J./ — H.jmin @ . @Hjmax’ jrnin Z O

o Then X could be transformed to [E>and then to A=,

o we see A is the subset graph we want, so we need to throw = away,
by tracing out!

@ This is analog of treating the system as a single body problem, we
don’t need information about the 'reduced’ variables: tracing away:
losing information of 'reduced’ variables.
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M e ol
Sketch of the general idea

@ This is why density matrix enters, because in general, tracing out
degrees of freedom from a Hilbert space in QM will correspond to
mixed state:

pr = trp SIS

@ pr is the coarse-grained density matrix we want, in general it will be
mixed, due to the statistical uncertainty of the states. Lose degrees of
freedom in this step.

@ pr is still a non gauge invariant state. Take the gauge invariant part
J = 0. Also lose more degrees of freedom in this step.

@ This is what we are going to do to spin network states!

Seramika Ariwahjoedi (~Aix-Marseille Univers How Many Quanta? FFP 2014 32 / 60



Physical state: Taking the gauge invariant subspace

@ Gauge invariance acts differently on different graph: because they
have different number of nodes and different configuration of the
links!

® Project the density matrices p, € H, ® H7, and pr € Hr ® Hf using
a projector 7, and wy on each nodes n and N of the graph + and
graph I, respectively:

pginv) = TnPyTp, Tn= / dAn An
sU(2)

P(rinv) = TNPrTN, TN = / dAn Ay
sU(2)
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Finally, coarse-graining map!

@ The map

mr i Ky @Ky = Kre Ky
(jnv) (iIlV)

p’y — pr

with I is a subset graph of « , is the coarse-graining map.
o We're done!

Seramika Ariwahjoedi (~Aix-Marseille Univers How Many Quanta? FFP 2014

34 / 60



Coarse-graining.

..Is proposed because we don’t have a well-defined
basis transformation analog to the center of mass
transformation inside the gauge invariant
subspace.
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Geometrical Interpretation

5. Geometrical interpretation
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Geometrical Interpretation

Coarse grained area, coarse grained volume

@ We have area and volume operator for v : A; = 87y G|J,|, and the

volume is V,, .

e and also for I': A = 8myG|J.|, and the volume is V) .

@ We called them as coarse-grained area and coarse grained volume.

(inv)

@ The coarse-graining map 7, sends state p5 ' to a state with
different curvature p(rmv), because the gauge invariance acts

differently on different node, it guarantees the 'flatness’ on each node.
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‘Decomposition’ of graph ~.

o Consider a family of graphs vp,, with m =0,1,.., M such that v,_1 is
a subset graph of v, and vy = 7.

@ 'decomposition’ of . «y is the finest graph in the family.

@ The non-gauge invariant Hilbert space are nested into one another,
there is a projection:

. * *
TYmYm—1 H’Ym ® H'ym — H’Ym—l ® %'}’m—l

for each m > 0.
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Geometrical Interpretation

Full sets of different basis for a space

@ We have a set of Hilbert spaces corresponding to a collection of
subsets graph, nested into one another.

@ But it doesn’t mean the invariant subspaces also nested into one
another.
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Geometrical Interpretation

Full sets of different basis for a space

@ The set of area and volume operators A]” and V' on each H,,, give a
coarse grained description of the geometry, which becomes finer as m
increases.

Seramika Ariwahjoedi (~Aix-Marseille Univers How Many Quanta? FFP 2014 40 / 60



Geometrical Interpretation

Full sets of different basis for a space

@ Nice and famous example: the fractal of the Great Britain coastline!

§ 1
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Geometrical Interpretation

Fock space for spin network

@ Fock space in QFT:
F=COoOHOHIH)D(HOIHOH)...
@ Fock space for spin network:
F=COHyOH,D...OHy, , DPH,y, D...BH,,

@ The finest graph yp = - gives the truncation we want for the theory,
the Hilbert space stops at H.,,.
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Comparison with QFT

@ QFT: the Hilbert space of the system is fixed: H, we can use any
basis to expand it, there are transformation A between basis.

@ In spin network, the Hilbert space of the truncated degrees of freedom
is fixed: H,,,. We take the invariant subspace X,,,. But in general
there is no transformation A inside K,,,. Instead we have
coarse-graining map »,,,_, Which maps different invariant subspaces
inside #.,,. Different invariant subspaces K, correspond to different
basis, different graph, different number of quanta.
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Comparison with QFT
subspace!

@ This is how we do 'basis-transformation’ (in the sense it differs by the
size of grains) in LQG: by moving from invariant subspace to invariant
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Conclusion

Conclusion
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Conclusion

Back to the question: How many?

Why is question of the title ill-posed?
@ Measuring <= interacting.

@ How we interact with the system is realized by the choice of basis to
span the Hilbert space of the system.

@ Different choice of basis <= to different observables to be measured.

@ To obtain number of quanta in the system, we must give further
information about which kind of quanta that we want: in what basis
is the Hilbert space.

@ Measuring different number of quanta on a same system <—-
measuring the system using different ‘resolution’.

@ The observable we are measuring could be described by quantum
numbers of coarse-grained operator, not the maximally fine grained
ones.
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Conclusion

Thank you!
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Conclusion
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Conclusion

Appendix and etcs.
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Graph

@ A quantum tetrahedron and its dual space geometry: the graph.

quantum tetrahedron

@ A graph 7 is : a finite set V' of element n called nodes and a set of £
of oriented couples called links | = (n, n’).

@ Each node corresponds to one quantum tetrahedron.

@ Four links pointing out from the node correspond to each triangle of
the tetrahedron.
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Conclusion

Variables on single link

@ Each link / = (n, ") of the graph is associated with phase space
element (U, Jp) € T*SU(2).

@ The representation space is the Hilbert space build over SU(2),
H = L2[SU (2)], one per each link.

variable on 1 link

@ The basis is
U, ny (j,n'| € Hj @ H;],
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Hilbert space of LQG

@ The total Hilbert space of graph v is : Hy = L [5U(2)|£|]

@ The physical state must satisfies the gauge invariance of SU(2) on
each node

V(Unw) = D(AaUnw A1), Ap € SU(2)

@ This can be geometrically interpreted as the closure of the
tetrahedron:
ZJnn’ ‘¢inv> =0,
n/

e This gauge invariance guarantees the quanta to be flat in the interior.
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Spin network state in LQG.

@ The spin network state of graph v : product of all state on the links,
with gauge invariance condition on each node.

> |j,n>

l l

Ly, mu> -
liv ma/\ s, i g i, 5>
i\ :
S J5, >
i v > M, i, o oy §6>
iz mZ T mes RN, me> T Jos o

> ) 3 !
st o> B> o>

“how to construct spin network basis” : in the end, we take the gauge invariance on each node by setting jiss = j246 = js36 = 0.

@ The physical Hilbert space is K = L» [SU (2)":| /SU (2)|M], spanned
by the spin network state as its basis.
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Hilbert space

1. Take the full-non gauge invariant Hilbert space . of the fine graph.

Hy
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Conclusion

Hilbert space

2. Take the full-non gauge invariant Hilbert space of the subset graph Hr
by tracing the rest:

Hy
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Hilbert space

3. Take the invariant subspace of the fine graph K, by tracing projecting
with m,

Hy
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Hy

Hilbert space
4. Take the invariant subspace of the subset graph ICr by tracing
projecting with 7y
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Conclusion

Results: Coarse-graining nodes

only showing results:

Coarse graining node.
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Conclusion

Results: Coarse-graining links

only showing results:

7,

Coarse graining links.

a,af

(J, M, Nlpr|J', M, N'y = 3", M, N, alw) (], M N o).
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Results: Coarse-graining graph
only showing results:

Coarse graining graph.

pr(UnU) =Y [ dUaUiB (O (U) D (UY,,, D (V)
o,B

xD (UL Yt
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