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Double Categories, the concise and the expanded definition

@ A double category is an internal category in Cat,

s
o _—
t

@ It has
o objects (objects of Cy),
o vertical arrows (arrows of Cg), denoted A—e—=A',

o horizontal arrows (objects of C;), denoted A—L-B,
e double cells (arrows of C;), denoted

M. Bayeh, D. Pronk, M. Szyld Double Grothendieck September 11, 2020 2/30



Compositions and identities

@ Since Gy is a category we have vertical comp05|t|ons
W eu: A A S A and identities A 9 A,

@ Since C; is a category too, we have vertical compositions (pastings)
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Compositions and identities

. 1
Since C; X, C;——>Cy<——Cy are functors:

@ horizontal arrows form a category too, we have thus
f . .. 1
gof:A-s B £ C and identities A —2 A.

@ double cells can also be pasted horizontally

A-f.B f.¢ A
Boa: U% @ &V B %W with identities v L $u
A—sB —= (' A ——= A

' g’ ]'A’
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-
Middle four interchange

Since C; X, C1—>=Cy is a functor, it commutes with composition.
That means that given two arrows of C; x¢, C;

(g7 f) T f T g T
e i ST A
(g',f") i.e. a configuration A——=B ——=(
o) A bs b
(g”,f") A// 7 B// g// C//

we have (B od/)e(Boa)= (5 epB)o(d ea)
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Examples

© A 2-category can be defined as a double category in which every
horizontal arrow is an identity. It has 2-cells o : v = u.

@ For any 2-category C, Q(C) is the double category of quintets in C,
f

P

with double cells ui o iv for each a: vf = gu in C.

—_—

g
© V(C) is the double category with double cells

— for each a: v=uinC.

@ More generally, if ¥ is a 1-subcategory of C, in Q*(C) C Q(C) we
require the horizontal arrows to be in . (QU4}(C) = V(C))
@ The double category H(C) is defined analogously.
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-
The category DbICat - Definition

The category DblCat of double categories has:
@ objects: double categories C,D, .. ;

@ arrows: double functors F, G, .. .;
@ transformations: these come in two flavors:
e a horizontal transformation «: F = G is given by

FA—"> GA
FV$ 20 icv for each A in dom(F)
FB—— GB
B

functorial in the vertical direction and natural in the horizontal

direction.
e vertical transformations v: F == G are defined dually;

@ modifications given by a family of double cells.
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-
The category DbICat - Properties

DblCat is not a double category;
a double category has two types of arrows, and DbICat has only one;
a double category has one type of 2-cell, and DblCat has two;

DblCat is enriched in double categories: DbICat(C, D) is a double
category.
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Review of the Grothendieck construction ~~ Questions

Whiteboard

@ Can we do this for F: D — DblCat?
@ What sort of colimit do we get?

@ What's the relation to other pre-existing constructions?
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Double Index Functors

@ We would like to have a double functor F: D — DbICat.
@ So we need to build a double category out of DbICat.

o We first make the 2-category DblCat, of double categories, double
functors and vertical transformations.

@ And then apply the quintet construction to get the double category
QDblCat,.

@ So a double index functor is a double functor F: D — QDbICat,.
@ We will also call this a vertical double functor D — DbICat.

o It looks as if at this point we have lost most of the horizontal data.
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Double Transformations

@ We regain use of some of the horizontal structure in the definition of
double transformation between double index functors

F,G: D — QDblCat,.

@ Analogous to the set-up for bicategories, we will define these
transformations in terms of a double category of cylinders,
Cyl,(DblCat).

Whiteboard
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|
The Double Category of (Vertical) Cylinders

The double category Cyl, (DblCat) of vertical cylinders has
@ Objects f are arrows of DblCat, | f.
@ Vertical arrows f M f are given by vertical transformations,

~
fl u

S

v

|7

@ Horizontal arrows are given by horizontal transformations,
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-
Double Cylinders

h k
transformations /f@a\ A

and a modification X

vVkf =L V' f'h

ﬂﬁ f &;ﬂh

kvf ¥ flu'h

oo

E fu == T hu
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Cylinders lead to double lax transformations

@ There are vertical double functors mg, 71 : Cyl, (DblCat) — DblCat,
projecting to the top and the bottom of each cylinder respectively;

@ A double lax transformation 0: F = G between vertical double
functors F, G: D — DbICat is given by a double functor

0: D — Cyl,(DblCat), with 70 = F, m0 = G.

FA Fu
FA e
e For each A: 9Al ) For each u: gAl R0,
o le“’
GA
GrGA
F.FB
For each f: FAM{ lgB , and...
| B
GAGF
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N
A Double Lax Transformation 0: F = G

AL B
For each double cell u¢ o #v :
A — B
f/
GvOr
GvGfp === GvlOpFf 0 Op
Gab, U UGVFf
A\U/ \U/
Gf'Guba 6. OpFvFf
Gf’@uH Ué) /Fa
¥ 2

Gf’@A/ Fu ﬁ> 95/ Ff'Fu
f!
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FB
Ff Fv
/95 | \
FA ! ~H«F& FB,
” VA’ g
0a e~ RO, 8/
"/,_/w GB RS
/’/Gf » Gv \ﬁGB/

2 ~
Gf -7 GB ~_.Gv
0,
GA__ hee
% o
GA
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N
Double Lax Cones

Let F : D — DbICat be a vertical double functor and E € DblICat. A
double lax (co)cone for F, with vertex E, is a double lax transformation

F= AE

A double lax colimit of F is a universal double lax cone F é> AL.
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Recall the general double lax natural (6 double cells, one triple cell):
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A double lax cone (5 double cells, one triple cell):

FB’
E FA &98) Ff!
. -
£ m . E_ FB/ '.FA
FA ' g / ‘
x F 0a A Opr
~ - M
0a fo, - A 00 o 1
//>, \\\ l
\ E
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FB

B e
[N
N

FA F
AA

The double lax colimit of F: '.
.

GrF T 3 E
HX\a = 0A, HM\, = 0u, HXe =07, HMy = 0,

(for all A, u, f,al)
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Examples “lt matters how we index”

e If Ais a 2-category, then a 2-functor A £, DbICat, can be seen as
a vertical double functor V.A - DbICat and as HLA - DbICat.
o For HA DblCat, we see that a lax cone is given by:

o double functors FA -4 E,

e horizontal transformations 64 % 0gFf,
o for each 2-cell f == f’ of A, a modification 6.,

Oa % O0gFf

id\H/ O \E/GB Fa

Oa :9> GBFf/
f/

o ForVA i) DblCat, the 2-cells 6+ are required to be vertical, thus
the triple cells 6, are triple cells of DblCat,. Now everything is
vertical! This is a lax tricolimit in the 3-category DblCat, .
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The Double Grothendieck Construction: Objects and
Arrows

Let D be a double category, and let D LN QDblCat, be a double functor.
The double category of elements, Gr F = ElI F = le) F, is defined by:

@ Objects: (C,X) with C in D and X in FC,

@ Vertical arrows:

(€.x) 42,

(C', X",
where C —= C’ in D and FuX —= X’ in FC'.

@ Horizontal arrows:

fs@)

(C,X) —=(D,Y),

where € -5 Din D, and FEX -25 Y in FD.
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N
The Double Grothendieck Construction: Double Cells

(f ®)

(C,X)——=(D,Y)

@ Double cells: (U,p)$ (o, ®) i(v,k) , where « : (u ,f, v) is a double
(CX') 5 (DY)

cell in D and @ is a double cell in FD':

FVERX 22 Fuy

(Foe)x$ [
A

FflFuX o
]
FFX — Y
©
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|
Examples

Let A be a 2-category and F: A — 2-Cat a 2-functor. There are several
ways to construct a double index functor: “first compose, then apply Q,
and then (optional) restrict”

0 A—-2cat—— %Y. ppicat,

@ Q(A) — Q(DblCat,)
© Restrict to ]HI(A) or V(A)

o [(AQ(VoF)= [(A,V(VoF)=V [, F (Bakovic, Buckley)
o f@AQ QOF) QJuF

(

° fQA Q(V o F) = Qfeart} Ja F (only the cartesian arrows horizontally)
(
(

F

o [y Q(VoF)=EI(F) (Pare)
° fQAQ Q9P o F) = F ! F°P (Myers)
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Factorization

@ Any horizontal arrow (f, ) can be factored as

(f id)

(A x) —

(B, Fx) % (B, y).

@ Any vertical arrow (u, p) can be factored as

(A,X) (u: )

(A", Fux)

e And any double cell (o, ®) can be factored as

(A x)

(u,id)\JL

(A, Fux)

(id.p)3

(A,,X’

M. Bayeh, D. Pronk, M. Szyld

)

U8 (X,
) (B Fr)— P (B,y)
$(v,id) (id,id) $(v,id)
. / /
((Y,/d) (B y FVFﬁ() W (B 5 FVy)
$(;d,(Fa)X) J
(fid)
(B, Ff'Fux) (id,®) (id,\)
$(id,Ff’p) i
B/ Ffl ! Bl !
(f,id) (B, Ffx') (id ") (B")
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Gr F as a double lax cone

For F: D — DblCat a vertical double functor, construct F :/\> AGrF as
follows:

o Double functors FA 2% Gr F: Aa(—) = (A, —).

. . Ay
@ Vertical transformations Ay =s= A\ Fu: for each x € FA, resp.

x 2 y:
(A7X) (A,X)&)(A,y)
i()\u)x—(u,id) , (u,id)i ()\U)S@:(id,id) i(u,id)
! ! i
(A", Fox) (A, Fux) W (A, Fuy)
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Gr F as a double lax cone

. A
e Hor. transformations Ay =% \gFf: for each x € FA, resp. x X

(A7X) ﬂ) (B7 FfX)
(A,x) L2, (g, (id7p)$ ()= i(id,Ffp)
/ /
(A,X)W(B,FfX)
@ The modifications A, given for each x € FA:
A Ff v,id
H I J
A A AgrFVFf (uid)s  (Aa)x=(cvid) (B’, FvFfx)
Jl u/\B/Fa l(id,(Fa)X)
AprFu \U/ £ id ‘l’
A Fu=———= \g/Ff'Fu (AI,FUX)M(BI,FPFUX)
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|
Theorem: Gr F is the double lax colimit of F (in DblICat)

HMa =04, H\y=0,, H\r—0r H\y =0,

M. Bayeh, D. Pronk, M. Szyld Double Grothendieck September 11, 2020 28/30



Factorization gives H on double cells

Recall that any double cell (o, ) can be factored as

b Gdid) 8 O PR
(ev,id) L—> " (00)x i - ..
v l = V J

— = (id,®) e Op(®P)
I I b o |

this is why this works

A corollary: Recall that [;, V(Vo F) =V [, F. We obtain that [, F is
the lax tricolimit of F in 2-Cat. Looking at the other examples gives other
universal properties of those constructions.
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Thank you!
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