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Lemma 0.1. Consider a pullback

𝐴

𝑃 𝐵

𝐶

𝜋2

𝐺𝜋1

𝐹

in CAT. Then:

• if 𝐹 and 𝐺 lie in ACC, and furthermore at least one of 𝐹 and 𝐺 is an isofibration, then the whole square lies in ACC;
• if 𝐴 and 𝐵 are complete and 𝐺 is a continuous fibration, then 𝑃 is complete.

Proof. For the first point, ACC is known to be closed under bipullbacks in CAT [? , Theorem 5.1.6], and pullbacks
along isofibrations are bipullbacks [? , Proposition 5.1.1] (citer Joyal-Street!).

For the second point, consider any functor 𝐷 : I → 𝑃 . We let 𝑎𝑖 = 𝜋1 (𝐷 (𝑖)) and 𝑏𝑖 = 𝜋2 (𝐷 (𝑖)) for all 𝑖 ∈ I, and
choose limiting cones

𝜆𝑖 : 𝑎 → 𝑎𝑖 𝜇𝑖 : 𝑏 → 𝑏𝑖

for 𝜋1𝐷 and 𝜋2𝐷 , respectively. By continuity of 𝐺 , the cone𝐺𝜇 is limiting, so we get a unique morphism 𝜉 : 𝐹𝑎 → 𝐺𝑏

making each square of the form below commute.

𝐹𝑎 𝐹𝑎𝑖

𝐺𝑏 𝐺𝑏𝑖

𝐹𝜆𝑖

𝐺𝜇𝑖

𝜉

Since 𝐺 is a fibration, we find a cartesian lifting 𝜉 ′ : 𝑏′ → 𝑏 of 𝜉 along 𝑏, so in particular 𝐺𝑏′ = 𝐹𝑎. We claim that the
cone of all (𝜆𝑖 , (𝜇𝑖 ◦ 𝜉 ′)) as below

Author’s address: Robin Jourde and Tom Hirschowitz.

Permission to make digital or hard copies of all or part of this work for personal or classroom use is granted without fee provided that copies are not
made or distributed for profit or commercial advantage and that copies bear this notice and the full citation on the first page. Copyrights for components
of this work owned by others than ACM must be honored. Abstracting with credit is permitted. To copy otherwise, or republish, to post on servers or to
redistribute to lists, requires prior specific permission and/or a fee. Request permissions from permissions@acm.org.
© 2025 Association for Computing Machinery.
Manuscript submitted to ACM

Manuscript submitted to ACM 1

https://doi.org/10.1145/nnnnnnn.nnnnnnn
https://doi.org/10.1145/nnnnnnn.nnnnnnn


2 Robin Jourde and Tom Hirschowitz

𝐹𝑎𝑖𝐹𝑎

𝐺𝑏′

𝐹𝑎

𝐺𝑏 𝐺𝑏𝑖

𝜉

𝐺𝜉 ′ 𝐺𝜇𝑖

𝐹𝜆𝑖

is limiting in 𝑃 .
Indeed, consider any (𝑥,𝑦) ∈ 𝑃 and cone

𝛼𝑖 : 𝑥 → 𝑎𝑖 𝛽𝑖 : 𝑦 → 𝑏𝑖

to 𝐷 . By universal property of 𝑎 and 𝑏, we obtain unique cone morphisms

𝑚 : 𝑥 → 𝑎 𝑛 : 𝑦 → 𝑏.

Furthermore, by continuity of𝐺 , the cone𝐺𝜇 is limiting, so by uniqueness in its universal property, the left-hand square
below commutes.

𝐹𝑎𝑖𝐹𝑎

𝐺𝑏 𝐺𝑏𝑖

𝐹𝑥

𝐺𝑦

𝜉

𝐺𝜇𝑖

𝐹𝜆𝑖

𝐺𝑛

𝐹𝑚

𝐺𝛽𝑖

𝐹𝛼𝑖

Indeed, upon composing with 𝐺𝜇𝑖 , both morphisms give 𝐺𝛽𝑖 , by chasing the above diagram. We now use the fact that
𝐺 is a fibration to find a unique𝑚′ : 𝑦 → 𝑏′ such that 𝐺𝑚′ = 𝐹𝑚 and the top triangle commute.

𝑦

𝑏′ 𝑏

𝐺𝑦

𝐺𝑏′ 𝐺𝑏

𝑚′
𝜉 ′

𝑛

𝐹𝑚
𝜉

𝐺𝑛

We thus have the followin situation,

𝐹𝑎𝑖𝐹𝑎

𝐺𝑏 𝐺𝑏𝑖

𝐹𝑥

𝐺𝑦 𝐺𝑏′

𝜉

𝐺𝜇𝑖

𝐹𝜆𝑖

𝐺𝑛

𝐺𝛽𝑖

𝐹𝛼𝑖

𝐺𝑚′ 𝐺𝜉 ′

𝐹𝑚
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so that (𝑚,𝑚′) is a cone morphism (𝛼, 𝛽) → (𝜆, 𝜇 ◦ 𝜉 ′). We further claim its uniqueness. Indeed, any other such cone
morphism, say (𝑝, 𝑞), has 𝑝 =𝑚 by uniqueness in the universal property of 𝑎. Furthermore, 𝜉 ′ ◦ 𝑞 = 𝑛 by uniqueness in
the universal property of 𝑏. And finally, 𝑞 =𝑚′ by uniqueness in the universal property of 𝜉 ′. □

Manuscript submitted to ACM


