The triple category Cat Christian Williams

Theorem 1. Let : X || Y and R: A || B be two-sided fibrations, and let f: X|Aand ¢g: Y | B

be profunctors. Let i: () | R be a profunctor with transformations to f and g, i.e. a span of
profunctors from () to R.

X < Q > Y
f{ i Y
A < R > B

Then the induced span of discrete two-sided fibrations [ i is a two-sided fibration.
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A < R > B

Proof. Leti:i(Q, R) lie over f;: f(Xy,A1) and go:9(Yo,Bo). Let (x,a): fo — fi be a mor-
phismin [ f, i.e. a commutative square; and let (y,b): go — ¢1 be a morphism in | g.
Action by cartesian morphisms is functorial: there is a canonical morphism (x, a)*i: x*@Q —
a*R, forming a commutative square (x,a)*: — ¢ in [ over (x,a)in [ f.
Dually, action by opcartesian morphisms is functorial: there is a canonical morphism
(v,b)i:y:Q — bR, forming a commutative square i — (y,b),i in [ 7 over (y,b) in [ g.
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This defines a left action of | f and right action of [¢g on [i. Hence [ is a discrete
two-sided fibration from [ f to [ g. O



