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INTRODUCTION

The conten t of th e  p resen t th e s is  i s  roughly  t h i s :  The category  of 

complete ca teg o ries  i s  monadic over the  ca tego ry  CAT of c a te g o r ie s .

This means th a t  th e re  i s  a monad on CAT so th a t  th e  "U niversal r e 

so lu tio n "  category fo r  the monad, as constructed  by E ilenberg  and Moore 

("the  category  of a lgebras over the  monad") i s  the  ca tego ry  of complete 

c a teg o rie s  and l im i t  p reserv ing  fu n c to rs . In  f a c t ,  th e re  w il l  be a whole 

fam ily  of monads, one fo r  each su ita b le  ca tegory  of in d ex c a teg o rie s . "Com

p le te "  i s  then understood r e la t iv e  to  th i s  fam ily . For in s tan c e , the  fam ily  

of f i n i t e  d isc re te  indexcatego ries gives r i s e  to  the  monad fo r  f i n i t e  pro

ducts .

To s t a te  the main r e s u l t  in  a more p re c ise  way, we must define what we 

mean by "the" category  of complete c a te g o rie s , 0^ , We a re  only dealing  w ith  

one sided com pleteness, and fo r  convenience, i t  i s  r ig h t  com pleteness. F i r s t ,  

i t  i s  c le a r  from th e  s e t  up th a t  we do no t want to  be a subcategory 

of CAT, but th a t  we w i l l  consider the  o b jec ts  of ^  as ca teg o ries  equipped 

w ith some fu r th e r  s t r u c tu r e , namely a choice of c o lim its . Consequently, the  

morphisms of w i l l  be fu n c to rs  which p reserve th e  chosen c o lim its  on 

the  nose . From th is  again  fo llow s th a t  we must d is tin g u ish  c a re fu lly  between 

the  no tions of isomor phic  and equal ob jec ts  in  a  category , and between the  

notions of equ iva len t and isomorphic c a te g o r ie s .

A c tu a lly , we have no t been ab le  to  prove the  r e s u l t  w ith  such a . l ib e r -  

_aï- d e f in i t io n  of , We have r a th e r  considered a subcategory c o n s is tin g  

of c a te g o r ie s , where the  chosen iô@li]Ë^W;mati6fy tm m eaJe#^ cTIm pb-;, .

.. :■ ' ' ■ ■ ; : ; ■' ■■■■ 1 . ' \  ..c \  .
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j e c t s  in  t h i s  subcategory a re  c a lled  re g u la r  c o lim it a lgeb ras .  The eqtia- - 

t io n s  imposed a re  roughly speaking a s s o c ia t iv i ty  equations j th e y  hold tru e  

up to  isomorphism in  any ca tego ry  w ith  some choice of c o lim its . One such 

equation i s

(A+B)+C = A+(B+C),

'+ ' denoting b in a ry  sum, i . e .  co lim it over the d is c re te  category  w ith  two 

o b je c ts .

A g rea t d ea l o f the  work c o n s is ts  in  d e fin ing  th e  no tion  of a sso c i

a tiv e  and reg u la r  a sso c ia tiv e  co lim its  on a category . We f e e l  t h a t  th i s  

n o tion  i s  a  v e ry  n a tu ra l  one, and th a t  one should t r y  to  make c o lim its  

a s so c ia tiv e  whenever p o ss ib le . We have done th a t  fo r  some im portant c a te 

g o rie s ; in  f a c t ,  the  c ru c ia l  p o in t of th e  whole work i s  the  c o n s tru c tio n  

of a sso c ia tiv e  ( in f in i ta r y )  sums on a su i ta b le  category  §  of s e t s ,  since 

th ese  sums a re  used in  d e fin in g  the no tion  of a s s o c ia t iv i ty  of c o lim its  in  

g e n e ra l. Here i t  c le a r ly  shows up th a t  eq u iv a len t c a teg o rie s  a re  n o t equally  

good: th e  s k e le ta l  category  of s e ts  cannot be equipped w ith  a sso c ia tiv e  

sums. But ^  can .

In  th e  concluding Chapter I I I ,  we e x h ib it some fu r th e r  examples of 

c a teg o rie s  w ith  a sso c ia tiv e  c o lim its . For an a rb i t r a r y  r in g ,  a c e r ta in  

ca tego ry  eq u iv a len t to  t th e  category  of a l l  modules over i t  has a  n a tu ra l 

re g u la r  c o lim it s t ru c tu re .  The dual of S  has a re g u la r  c o lim it s t ru c 

tu re  fo r  f i n i t e  in d ex ca teg o rie s , i . e .  0  i t s e l f  has a sso c ia tiv e  f i n i t e  

inverse  l im i t s .  Also we show th a t  0  has the  p ro p erty  th a t  the  te n so r-  

product of modules in  0  i s  s t r i c t l y  a s so c ia t iv e .

The con ten t of Chapter I  i s  th e  co n stru c tio n  of ^  and i t s  c o lim its , 

and the definition of some auxiliary monade, called prelimit monads, on
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GAT, These in  tu rn  are used to  define the  notion  of a sso c ia tiv e  c o lim its . 

Chapter I I  con ta in s the  main co n stru c tio n : the c o lim it monads, and an ana

ly s i s  of t h e i r  a lg e b ras . I t  i s  a lso  shown th a t  a c o lim it monad to  a c a te 

gory assigns "the" f r e e  r ig h t  complete category  on i t ,  in  a c e r ta in  weak 

sen se .

N otation  and conventions.

The main n o ta tio n a l o b stac le  i s  th a t  we have to  d ea l p a r t ly  w ith  com

p o s it io n  of morphisms in  a ca tegory , p a r t ly  w ith  ev a lu a tio n  of a function  

on an element in  i t s  domain. As a  p r in c ip le ,  we use ' f . g '  f o r  the  f i r s t

( in  diagrammatic o rd e r) , and ’ (x ) f ' f o r  th e  second. In  p ra c t ic e , we have

used concatenation  fo r  both i f  i t  causes no t too much confusion .

The horn s e ts  of a category  cH a re  denoted c^(A,A ') or hom(A,A'). 

When co lim it form ation appears as a fu n c to r , we have o ften  w r it te n  

i t  on th e  l e f t  of i t s  argument,

' lim  (R).

This holds in  p a r t ic u la r  fo r  the  sign  _lj_ fo r  sums:

The morphisms c o n s titu t in g  a c o lim it diagram a re  denoted in c lg , D an

o b jec t in  the indexcategory. In  p a r t ic u la r ,  we have

in c l

^ •

I f  th i s  i s  in  a category  of s e t s ,  and x € X^, then  (x )in c l^  i s  denoted 

We sometimes use Kronecker & ; § (x ,y )  i s  0 i f  x  + y , e ls e  i t  

i s  the  o rd in a l number 1 ,
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I f  A i s  an element of a s e t  , a  unique mapping 1  i s

defined having A as image. That mapping i s  denoted This w i l l  apply

a ls o  i f  A i s  an ob jec t of a  category  A .  We use the numeral 1 to  de

no te  the  o rd in a l number One, i . e .  0 , where 0 i s  the  empty s e t .  Simi

l a r l y  fo r  a l l  o th e r num erals.



CHAPTER I

THE CATEGORY 5> AND THE PRELIMIT MONADS

1 , C ategories and (Q - c a te g o r ie s .

We s h a ll  work in  a s e t  theo ry  w ith  u n iv e rses . To be s p e c i f ic ,  l e t  

us agree th a t  we have a model of Zermelo -  Fraenkel s e t  theo ry  w ith  axiom 

of cho ice, in  which th e re  a re  two s e ts  U, V, s a t is fy in g  TJ ^ V and being 

standard  t r a n s i t iv e  models fo r  ZF+AC (see e .g . Cohen [1 ] ) .  The two se ts  

a re  fix ed  throughout; one fu r th e r  assumption about them w i l l  be made below.

Let us r e c a l l  b r ie f ly  th e  se t th e o r e t ic a l  no tions of w ell ordered 

s e t  and o rd in a l number. They w ill  p lay  a  fundamental ro le  in  what fo llow s.

A t o t a l l y  ordered s e t  i s  w ell ordered i f  every nonempty subset has a f i r s t  

element w ith  re sp e c t to  th e  o rd erin g . An order type i s  an order isomorphism 

c la s s  of w e ll ordered s e t s ,  "order isomorphism" having the  obvious meaning.

A s e t  X € U which i s  w ell ordered by ^ ( in te rp re te d  as < - ) ,  and 

which s a t i s f ie s  Y € X Y G X i s  by the  c la s s ic a l  d e f in i t io n  of von

Neumann c a lle d  an o rd in a l number in  U. There i s  p re c is e ly  one o rd in a l 

number of U in  each order type rep resen ted  in  Ü ( [1 ] , p .6 l ) ,  A c a rd i

n a l  number i s  an o rd in a l number which, as a s e t ,  i s  isomorphic to  no sm all

er o rd in a l number.

We have to  agree on a meaning fo r  the  word "ca tegory ,"  Not a l l  d e f i 

n i t io n s  s u i t  our purposes. We use a d e f in i t io n  where the  horn s e ts  are  not 

d i s jo in t ,  bu t form a fam ily  o f s e ts  b i-indexed by the  s e t  of o b je c ts . This 

means th a t  the  com position i s  a tr i- in d e x e d  fam ily  of functions

hom(A,B) X hora(B,C) — ;— horn (A,0) .
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"The" com position w i l l  be denoted by ju x ta p o s itio n  or by a do t; i t  on ly  

makes sense i f  i t  cannot be mièïaiderstood which composition mapping i s  ap

p lie d  .

The concept "functo r"  i s  defined  accord ing ly ; a fu n c tio n  I j l l — 

ca lled  th e  o b jec t mapping and a b i-indexed s e t  of functions c a lle d  th e  

horn se t mappings.

The ca tegory  U-Ens of Ü - s e ts  i s  defined  in  the  usua l way, having 

as o b jec t s e t  U, and hom(X,T) th e  s e t  of fu n c tio n s from X to  T (a 

fu n c tio n  being a subset o f X x I ) . We s h a l l  assume th a t  such a fu n c tio n  

i s  a lso  a member of U. A s im ila r  assumption i s  made fo r  V, These assump

tio n s  a re  sp e c ia l  cases of the  g en era l

ASSUMPTION. I f  X e U, then  th e  abso lu te  power s e t  o f X i s  a lso  

a member of U. S im ila r ly  fo r  V.

DEFINITION 1 ,1 . L et 0  denote the  f u l l  subcategory o f the  ca teg o ry
'■ r  •  '

of U - s e t s  determined by the  o rd in a l numbers in  U.

DEFINITION 1 .2 . C a ll  a  ca tego ry  ^  an ^ -ca teg o ry  i f  I A  i s  an 

o rd in a l number in  U, and each A (A ,A ')  i s  an o rd in a l number in  U.

Note th a t  we do no t req u ire  th e  com position func tions to  p reserve 

any o rd erin g .

DEFINITION 1 .5 . Let GAtJJJ denote the  category  of c a teg o rie s  J ¥  

w ith  IcÆU Ml and each t/l(A,A‘ ) e Wq, and a l l  fu n c to rs  in  between.

The d e f in i t io n  w i l l  apply to  the  oases where = U or 7 .  I t  

w i l l  a lso  apply  to  th e  case -  l g | ,  i . e .  the  s e t  o f o rd in a l numbers
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in  U. Let us agree not to  w rite  the  in  th is  case,aand a lso  in  th is

case rep lace  the  l e t t e r s  CAT by the l e t t e r s  Gat. So Cat^ c o n s is ts  of

ca teg o ries  c/l w ith |c4l £ W and each horn, s e t  an o rd in a l number in  U
.  M

( is  then  ca lle d  a lo c a l  - ca teg o ry ) . S im ila rly , Cat c o n s is ts  of

ca teg o ries  tA" w ith Ic^ l an o rd in a l number in  U and w ith  horn se ts  in  ¥ , 

F in a lly , Cat i s  the  ca tegory  of ( ^ -c a te g o r ie s  (D efin itio n  1 .2 ) .

I t  i s  obvious th a t  S  i s  equ iva len t to  the  category  of U - s e t s ;  

and th a t  Cat i s  equ iva len t to  CAT^. In  both c ase s , th ey  s i t  as r e f le x 

ive su b ca teg o rie s . A re f le c t io n  fu n c to r c i s  go tten  by p u ttin g  a w ell 

o rdering  on each s e t  in  II, and r e f le c t in g  i t  to  the o rd in a l of the  same 

order ty p e . The r e f le c t io n  isomorphism is  then  take  to  be the  unique order 

p reserv ing  s e t  isomorphism. S im ila r ly , one gets a r e f le c t io n

U ^ ^
CAT -----------> Cat

U

by w ell o rdering  the  o b jec t s e t  and the  hom s e ts  of each category .

D e fin itio n  1.5 i s  not made e n t i r e ly  p re c is e . A p re c ise  d e f in i t io n
Wf)

in  term s of s e t  th eo ry  would re q u ire  ICAT^ 1 to  be described a s , say , 

the  s e t  of ordered t r ip l e s  (X,Y,Z), where X 6 ¥^ , Y i s  a fu nc tion  from 

X K X to  ¥q (the fam ily  of hom s e t s ) ,  Z i s  a fu n c tio n  from X * X * X 

defin ing  the  fam ily  of com position mappings. In  p a r t ic u la r ,  ICatl could 

be described  p re c is e ly  as a s e t  in  such a way. S im ila r ly , each hom s e t  

C a t ( 4 \ ,g g  ) could be described as a s ing le  s e t .  Using some such p rec ise  

d e sc r ip tio n  w il l  give

Cat € CAT̂  .
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2. Sums and Grothendieck c o n s tru c tio n s .

By the  w ell known completeness of U-Ens, fo r  any I  -indexed fam ily  

(I  £ U) of ob jec ts  in  U-Ens, one may choose a sum diagram in  U-Ens

i n c l i  , ,
w. -----------------------» _LL N. V i  € I .

i  6  I

Even in  the  sk e le ta l  category  of s e t s ,  the sum diagram, can be chosen in  

many ways (even though the  sum o b jec t i t s e l f  can n o t). The same is  tru e  

of S .  I f  we, however, r e s t r i c t  ou rse lves to  index s e ts  I  which are them

se lv es  ob jec ts in  S  , th e re  i s  a canon ical choice of sum diagram s. I t  

i s  the  w ell known o rd in a l sum form ation of o rd in a l numbers.

The c o n stru c tio n  of o rd in a l sum may be phrased in  s e t  th e o re tic  terms 

as fo llo w s. Let Nj_ ( i  é I  6 1 ^ 1 ) be the I  -indexed fam ily  of o rd inals 

in  U. Let A be the  se t

A = { < i,n >  I i  t  I  A n €

Then the  lex icograph ic  ordering

« i , n X < i ' , n ' > )  ^  ( i < i ' )  v  ( i  = i '  a n < n ' )

i s  a w ell o rdering ; th e re fo re , there  is  a unique o rd in a l (which we s h a l l

w rite  I I ) w ith  the  p roperty  th a t  4 t i s  order isomorphic to  A.
i  < I

Let

: A -----> J J _  N.
i  €. I

be the  unique order isomorphism. I t  i s  c le a r  th a t  _L1 Nĵ  £ U.
i  £ I

For each i  t  I ,  th e re  i s  a function

t . : N . > A,X 1
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namely the  one which sends n c  to  ^ i ,n ^ €  A. Obviously tj_ i s  one -

to  -  one, and A i s  the d i s jo in t  union of the images of the t ^ ' s .  Since 

^  i s  one - to  -  one, onto, the  same i s  tru e  of the  t ^ . e c 's .  So the mor

phisms in  S

in c l  • : N. 11 N.
^ ^ i  € I  ^

c o n s titu te  ^ ^ as the c a te g o r ic a l sum of the N ^'s in  S  . Ob-

v io u sly , _ l i g j  i s  ju s t  the  o rd in a l sum of the N ^ 's . One e a s i ly

sees th a t  each incl_ maps onto an in te rv a l  { 11 < t  < in

IL i  (  I  % .

The sums chosen in  S  w il l  have nice p ro p e r tie s ;  in  f a c t ,  they  -will 

endow S  w ith a c e r ta in  a lg eb ra ic  s tru c tu re , to  be defined in  S ection  7 . 

For the moment, l e t  us ju s t  no tice  th a t  the sums have the follow ing th re e  

p ro p ertie s

(2.1) 11 1 -  N
W

( 2 . 2 )  J_L K = N
1

(2 .5 ) J J _ ^  ■ ^ ) ’
m « _iL Mn

n C N

(N, M^, and o rd in a ls  in  IT.) H enceforth, J lL denotes the chosen sums

in  0  only.

Having the sum s tru c tu re  11 in  S  a t  our d isp o sa l, we can a lso  

get a canonical form fo r  a w ell known c o n s tru c tio n , due to  Grothendieck 

[5 ] , namely the co n stru c tio n  which (speaking in fo rm ally ) to  a fu n c to r  from

a sm all category  ID in to  the  category  of sm all c a teg o rie s  assigns a small
opp ~

category fib e red  over IP , and another one opfibered over U l.
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Form ally, l e t  ID be an IÎ? -ca tego ry  ( I . e .  ID 6 ICatl ) ,  and l e t

R
5D — ---------^  Cat

be a fu n c to r . Define an & -ca teg o ry  Rp as fo llow s:

se t of o b jec ts  : IdrI j
D e llbl

hom(Xj3,X' ) ; —U —  (D 'R )((X )(dR ),X ') ;
d é  ID(D,D')

composition ; l e t  c- x '^ ,  e RjÂ(X'p,,X " d , , ) ,  where d:D —

and d*;D*--yD** a re  morphisms in  ID . Put

^d*^*d> = ( ( ( x ) ( d 'R ) ) .x ') ^  ;

u n its  ; pu t equal to  ( ly )  .
D ^D

A lso , define a fu n c to r R t : R p —y ID by

(XgiRt = D,

(^d)Rt = d o

I t  i s  w ell known ([5 ])  th a t  (no m atter how you chose sums in  %  ) , Rp. 

i s  indeed a ca teg o ry , and Rt i s  indeed a functo r -  even a s p l i t  o p fib ra - 

t io n  w ith the  follow ing opcleavage; to  X and d;D —»D' a ss ig n  (lydR^d' 

(We use the term inology of £U]).

Again, no m atter how sums are chosen, the  c o n stru c tio n  i s  n a tu ra l,  

i , e .  can be extended to  a functo r

R
[G at, — >G at|

we define  It on morphisme h ' in [Cat, Q̂̂ t̂  ’

)/?!•
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I P   ------- — ------ > E

Cat

as fo llo w s„ The fu nc to r hp  i s  g iven .by

Xp ^  (IhQ)gg , X e iDRi,

X

where d: D —>D', and x ; X dR -» X ', so th a t

(x)h^, : % dR hg, = (Xhp)dHP — »X 'hj5, .

In  the  next se c tio n  we s h a l l ,  however, define  a monad, depending on 

the  sp e c ia l way the Grothendieck c o n stru c tio n  was chosen h e re .

Note th a t  i f  ID i s  d is c re te  ( i . e . ,  i s  an o rd in a l) ,  and R has d is 

c re te  c a teg o ries  as v a lu e s , we get th e  s e t  -  sum

R z = I I JDE .
' D e  GO

5. Subcategories of Gat s ta b le  under the  Grothendieck c o n s tru c tio n .

A subcategory Cat^ e Cat ( f u l l  or n o t) may happen to  be s ta b le  un

der the  Grothendieck c o n s tru c tio n  jx, t  in  the  sense th a t  i f  JDe (Cat^) , 

and R : ID —>Cat fa c to r s  through Cat^, th en  Rp and R t : Rp ^1) 

are  them selves in  C at^. For reasons th a t  w i l l  become c le a r ,  we s ta te  the  

follow ing

DEFINITION 5 .1 , A subcategory Cat^ £ Oat which i s  s ta b le  under the
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Grothendieck c o n stru c tio n  p , t  in  th e  sense explained above w ill  be sa id  

to  admit a p re lim it c a lc u lu s .

One might a lso  c a l l  such a subcategory r e g u la r , since i t  i s  defined

by a closedness p ro p erty  analogous to  (and g en era liz in g ) th a t  o | re g u la r

c a rd in a ls , as i s  seen in  P roposition  5 .2  below.

The fo llow ing are  u se fu l examples:

( i )  0  S Gat (the ca tegory  of ^ ? -s e ts . D e fin itio n  1 .1 ) ;

( i i )  Ûv Ç, C at, the  ca tegory  of preordered (9 - s e ts , i . e .  th e  f u l l  subcate

gory of Cat determined by those ^  where A(Â,A*) equals 0 or i  l i  

fo r  a l l  A, A* t  lAlj

( i i i )  Catjg.j^  ̂Ç C at, the  category  of ^7-c a te g o rie s  A  ^ t h  ÎAl and A(AjA’ ) 

f i n i t e  fo r  a l l  A, A* €• lAl;

(iv ) th e  category  of (9 -monoids, i . e .  (i? -ca teg o ries  A  w ith * 1,

The l i s t e d  subcategories o f Gat a re  a l l  of the  ty p e ,d esc rib ed  in

the fo llow ing obvious

PROPOSITION 5 .2 . Let £ and ^  be reg u la r  c a rd in a ls . Then the  f u l l  

subcategory of Gat determined by those J h  w ith

|/k| <

ZAk(A,A*) < p  fo r  a l l  A # A ' € ( A l ,

A (A ,A ’ ) <  max(p,2) fo r  a l l  A fe lA l  

adm its a ca lcu lus of p r e l im i t s .

I f  V denotes the  c a rd in a l i ty  of D, the  four examples l i s t e d  corre -

- ■
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spend to  = ( V , l ) ,  (V7,2 ) , ( 2 , re s p e c tiv e ly .

A subcategory of Cat adm itting  a ca lcu lu s of p re lim its  i s  n o t nec

e s s a r i ly  of t h i s  form; l e t  us e x h ib it two examples:

(v) the  ca tegory  of (Û -g rup o ids, i . e .  (!) -c a te g o rie s  w ith a l l  morphisms 

in v e r t ib le ,

(v i)  the ca tego ry  of w e ll ordered (Ü - s e t s ;  the  w e ll o rdering  of such a

s e t  A is  n o t assumed to  be re la te d  to  the  w ell o rdering  A has qua

^  - s e t .

k ,  Commacategories and ca teg o rie s  of diagram s.

Here we r e c a l l  Lawvere’s d e f in i t io n  of commacategories and f i x  our 

conventions fo r  them. We a lso  define  c e r ta in  extended commacategories, 

r e la te d  to  Benabou's c y lin d e rc a te g o rie s .

R e ca ll [8] th a t  i f  F , G a re  fu n c to rs  w ith  common codcmain

(U.l)

then  the comnacategory (F,G) has as s e t  of o b jec ts  the s e t  of t r ip l e s  

(A,b,C) w ith  A€ Ic^ l, C ^  |^ | ,  and b : AF—>CG In  ( B . The hem s e t  

(F ,G ){ (A ,b ,C ) ,(A ',b ',C ') )  i s  the s e t  o f such p a ir s  (a ,c )  so th a t

a € c/ï(A,A»), G € ]^ (C ,C ),

and so th a t  the  diagram
(a)F

A F  ------- > A'F

V

CG

commutes,

f

( c ) G
CG



lit

Composition in  (F,G) i s  obvious.

The only  commacategories we s h a l l  use a re  those where or ^  i s  

th e  category  If: J l  i s  1 , F in  (U .l) i s  determined by an ob jec t

B €l(&|, so F = and the commacategory consequently denoted ( é g ,G ) .

The ob jec ts  o f th i s  ca tego ry  we give a  sp e c ia l n o ta tio n ; we w rite

b
B —— >CG fo r  (0 ,b ,C ).

I f  Q i s  a f u l l  in c lu s io n , we leave out th e  underbar of C. I f  \ê\ i s

w ell ordered and each hem s e t  of (B i s  w e ll ordered, we can w ell order

|( € ^  G ) I by the obvious isomorphism

|(€ . ,G ) | = -L L  c4(B,CG) ;
® C é |é |

we a ls o  use ( E g,G) to  denote the  category  obtained by rep lac in g  |(€ g ,G )  

by the  corresponding o rd in a l number.

Turning back to  the  g en e ra l case , we sh a ll OTite (e/?,G) in s tea d  of 

(F ,G ), provided P i s  a  f u l l  in c lu s io n  of c a teg o ries  (in  p a r t ic u la r ,  i f  

F i s  an id e n t i ty  fu n c to r ) .

In  the case where (B i s  «the" ca tegory  of c a te g o r ie s , or any o ther 

ca tegory  w ith  a 2-dim ensional s t r u c tu r e ,  one can throw In  more morphisms 

by l e t t in g  morphisms be non -  ccmmutative diagrams (U.2) but w ith a sp e c i

f ie d  ( in  th e  ca tego ry  case: fu n c to rtran sfo rm a tio n ) from th e  count-

erclockw ise composite to  th e  o th e r . (Or one could do the dual t h in g . )

Doing t h i s  in  the s p e c ia l  case where ^  i s  GAT̂  , â  a subcategory

Gat of i lT ^ ,  and ê  Is  1 lead s  to  the  follow ing d e f in i t io n , 
o ' V
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DEFINITION U .l ,  Let ^ 6  IcAT^I. Then the  ca teg o ry  of Cat^ -diagrams 

over 'fn, denoted [C ato , , i s  the  ca teg o ry  having o b jec t s e t

ICCatp, ]| = KCatg, € ^ ) |  .

A morphism

i s  a diagram in  GAT.V

ID

i . e ,  a fu n c to r ^  ; ID-^E and a tran sfo rm atio n  of fu n c to rs  R  -> ,P

I t  i s  obvious how to  compose morphisms.

This d e f in i t io n  i s  w ell known. In  the  nex t se c tio n  we show th a t  i f  

Catg admits a ca lcu lus of p re lim its

i s  an endofunctor on GAT̂  th a t  c a r r ie s  the  s tru c tu re  of a monad,

5 , The.,wWWLmtt- m ona# .

Me use the  Grothendieck c o n s tru c tio n  ( in  the sp e c if ic  form given in
V

Section  2) to  produce a monad T,/y,|*, on . We produce no t ju s t  one

monad, but r a th e r  one monad fo r  each subcategory Cât^ G Cat adm itting  

a ca lcu lu s  of p re l im its .  Throughout th is  s e c tio n , Gat^ i s  a fixed  such 

subcategory .
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DEFINITION 5olo Let Jl- e ICATyL Define (c/^)T to  be the category

[C a to .e ,^ ] .

I f  F: (A — is  a fu n c to r between ca teg o ries  in  CAT%, define  (F)TV "
to  be the fu n c to r "composing w ith F " .

V
C lea rly , T thus defined i s  an endofunctor on CAT .̂ There i s  an obvi

ous tran sfo rm ation  from the fu n c to r T to  th e  functo r w ith  constan t 

va lue  Gat , given by
O'

-»CatQ ,

where 3 ^ i s  the  u sua l "tak ing  domain" fu n c to r . I t  w i l l  be convenient

to  use the  follow ing convention: I f  F : A — ^ [C a t^ , ] i s  a fu n c to r ,

denote th e  composite fu n c to r

F \
-> [Cat^, Ca"^

by f ,

DEFINITION 5 ,2 . Let J i  € ICAT̂ I . Define a functo r

by

and

: d  — >c4T 

^A
(A)>y *= ( i --------^ J!")

U

^ [ a ]  th e  obvious transforw jation,
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R e c a ll the  Grothendieck co n stru c tio n  p of S ec tion  2.

DEFINITION Let J- è IGAT^|, Define a  functo r

R 2 _____
as fo llo w s. Let ID™ ^c/7T be an ob jec t in  <lAi Put R p ^  equal to

(R)p, and put R equal to  the functor

 _______  __ R /u
R = (R)p ——> e/î

given on o b jec ts  by

(Xjj)(R p^) = (X)DR ,

where

%n e (R)p = -L L  Iml,
D e IJDI

and on morphisms by sending î X^—>X 'g, (where d : D-~-»D* and

X i (X) (dR)■— ^X' ) to

(dR)_ _  (x)(D 'R)
(X)(DR) --------- ^  (X )(dR )(D 'R )------------------ > ( I '  )(D'R) .

On morphisms, p ^  i s  given as fo llo w s. A morpljism A ; R — >R«, i . e .  

a t r ia n g le

goes by to  the  tr ia n g le
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Rp

where and are  given by ( i )  and ( i i ) ,  re sp e c tiv e ly :

( i )  i s  the fu n c to r  given on ob jec ts  by

Xg ((% )9D L  . Xe iDRl

and on morphisms by

Xj ( (x) ^D« )(3L
Xg >X'g, (X ^ ) p L  — ------- — -----> (X' % > )d «L )

where d : x  : X dâ~ > X » in  D'R , and th e re fo re

(X) = » )(d E ) -? ÿ , ;

( i i )  i s  the  tran sfo rm ation  given by

( ^ n ) x ________ __
((^)/^(A)x =  >(x):;^D  '

D

I t  i s  s tra ig h tfo rw ard  to  check th a t  and a re  fu n c to rs , lik e -

'v'wise th a t  th ey  are  n a tu ra l  in  cA  ̂ |GAT^|, so th a t

2 ,
Î and ^  : T -=^T

are  transfo rm ations between the in d ic a te d  fu n c to r s „

THEOREM 5 .U0 The T ,44, ^  from D efin itio n s  5 .1 , 5 .2 , and 5 .2 , respec-
V

t iv e ly ,  form a monad on GAT ,̂

PROOF. We are  req u ired  to  prove th a t  fo r  Jl- e  fCATyl a rb i t r a r y ,  we.



19

have th e  follow ing e q u a li t ie s  o f fu n c to rs :

(5 .2 ) • f̂ cA- “ ( '[^cA •

For each of the  th ree  eq u a tio n s , i t  s u f f ic e s  to  prove th a t  the  two func to rs

involved agree on o b je c ts , and then  to  produce a  n a tu ra l  tran sfo rm ation  

(p between th e  fu n c to rs  w ith  each th e  app rop ria te  id e n t i ty  morphism. 

The f a c t  th a t

(S .J )  I V  • / ‘l '  '  I I I

fo llow s im m ediately from th e  d e f in i t io n  and from th e  p a r t ic u la r  choice 

of sums in  S  making (2 ,2 ) h o ld . A lso , the  obvious tran sfo rm ation

1  S t  ' U  '

(which can of course be co nstruc ted  fo r  any choice o f sums) has here

%  = Ijj (R € Ic iT l) .

Next

(5.U) •

F o r, given an o b jec t R : lX>^cÂ  in  cAT,  we have

(E )(% T )  : ID — > [ G a to ,e ^ j  = cA t

given by

D (d : D— »̂ D«) ^ ^ [ d ]  .

Now i t  fo llow s e a s i ly  from the  d e f in i t io n  o f ^  and from (2 .1 )  th a t  (5 .4 ) 

ho ld s. And ag a in , th e re  i s  no tro u b le  in  c o n stru c tin g  a n a tu ra l  f  w ith

1
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'  %  fo r  a l l  R £  Iĉ t I.

One might b r ie f ly  r e c a p itu la te  the  arguments so f a r  by saying: The 

u n it  laws fo r  th e  monad come from th e  u n it  laws (2 ,1 ) and (2 .2 )

o f the  sum form ation in  S  . As one would expect th en , th e  a s s o c ia t iv i ty  

law of the  monad (5 .2 ) i s  derived  from a s s o c ia t iv i ty  of sums in  S , i . e .  

equation (2 .5 ) . -  The proof of (5 .2 )  i s  j u s t  as c m p lic a te d  as s t r a ig h t 

forw ard. We commence by giving a l i s t  of where the  d if f e r e n t  elements oc

cu rring  in  the  proof belong. ( S t r i c t l y  speaking , since we do no t work w ith 

d is jo in t  s e t s ,  elem ents do no t belong in  unique p la c e s . One should r a th e r  

say, th e n , th a t  the  l i s t  t e l l s  us which d e p o s i t io n  mapping we apply  to  

an elem ent and i t s  neighbor on th e  paper.

Address l i s t .

I P  » CCat^,C [ c a to ,€ ^ ]   ̂ *
d

D --------> D’ , a morphism in  jD

X £ iDRi

X* £ ID'RI

X ; (X) (d )R  yX' , a  morphism in  D'R

Y é  I x m l

Y‘ G IX'ÏÏÎRI

y : (Y)(3r )x (x)Dï R ---- >Y' , a morphism in  (X' )D'R.

(r )Mj ïtWith th is  [C at^ , i s  by d e f in i t io n  d e s c r i

bed as fo llow s: ( ^ ) *
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(5 .5 )
o b jec t s e t  ■ | I IDR I

D € llDI

hom(Xj), X' ,)
d é  1P(D,D«)

1 1 - -  (D'R)(X dR, X ') ,

w ith given by

(5 .6 )
Xg /v n  (X)DR

(X)DR
(dR).

4  (X)dR D'R
(x)(D 'R)

(X')D'R .

Thus R p^^  : Rp^q, — > c a t^  i s  given by

(5 .7 )
Xjj ^  (X)DR

X . /vA (X)DR d (X) dR D'R
(x)D'R

(X ' )D 'R .

Applying to  (R)|A^^ (given in  (5 .6 ))  gives by d e f in i t io n  of |w. a

fu n c to r (R)pj/|T

Applying th e  d e f in i t io n  of p  to  (5 .7 ) describes then  

follow ing C? -ca teg o ry ;

o b jec t s e t  = I l _  l(X^)Rh a™, |
I d « ISfjITi ^

hom(%y , T '„ , )
a p,

((X 'g,)R j^^T)(Y(Xj X ') .
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Using (5 ,5 ) and (5 .7 ) ,  th is  may be w ritten as

r  I I
o b jec t s e t  = 1 I |(x ) d r |

iDRl
D €  ID I

(5 .8 ) < hom(ï_ , Y> , )

((X ')O T)(T  dRj (x)(D 'R ), T')

X, t   U  (D»R)(XdR, X')
\  d C ID(D,D»)

I t  i s  equipped with a functor to  , which (using (5 .6 ))  i s

^  ( Y ) ( ( X g ) ( R j i ^ ^ ) )  .  ( Y ) ( (X )D R )

(5 .9)

( (X/j^  ̂^Y
(Y)((Xg)(Rjii^^)) ---------   LsE -J L ^  (Y)((xd)(R^^^))((Xc)Rp^T)'

( y ) ( ( X  D , ) ( R | *^ T j ] .  ( Y , ) ( ( X ' o , ) ( R / A j | p ) )

((dR)y)y
-  (Y)((X)DR) -----------— —> (Y(dR^))((X dR)D»R) -

^^^(X )(% )----  ̂ ((Y)(3^))((x)D?R ((X')D 'R )

(y)((X ')(D 'R ))
-------------------   >(Y ')((X ')D 'R ) .

On the other hand is  the composite functor

(5 .10) ff> f*iA
- ^ [ C a t o , ^ ^ ]  .

Taking the value of on th is  gives a functor to  from the catego

ry (R. j3,„) jx . According to  the d e fin it io n s , th is  category has
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Object s e t  =
(5 .11) J D t i D l

■ déU)(D.D.)

and again using  the  d e f in i t io n  of in  term s o f |U , and tak ing  Z^,

Z 'gi to  be (Xjj)jjj > re s p e c tiv e ly , (5 .11) becomes equal to  th e

category

o b jec t s e t  » I I I I )XDRl
D 4ltpl X 6 IDRI

(5 .12) i  hcm((Y^)p, (Y '^ ,) j j ,)  -  - J J L  (DÏR jî)((Y  dRx)ydR5
d 6 0(D,D«)

u ________
d 6  I P ( D , D ' )  X e  ( D ' R ) ( X  (ffî, X » )

( ( X ' ) D ' R ) ( Y  dRx ( x ) ( D ' R ) ,  Y ' ) ,

A lso , app lied  to  (5 .1o) gives by d e f in it io n  th e  fo llow ing functo r

from (5.11) to  <Jl

Zjj /C)  ( Z ) ( ( D R )  jU^)

Z j  ( Z ) ( ( D R )  p ^ ) ----------------------- > ( Z ) ( d R | ? ^ ) ( ( D ' R ) ^ ^ )

(z)((D 'R)^(/^)
( Z ' ) ( ( D ' R )

I f  Z * Yy, z " y  t h i s  is  e a s i ly  seen to  beA X

(5.15)

( l ^ ) g  ( Y ) ( ( X ) D R )

( y ^ ) d  ^  ( Y ) ( ( X ) D R )
( ( d R ) ^ )X 'Y (Y d R j j ) ( ( X d R ) D 'R )

( ( x ) D ‘R ) , y w ^ >  _ _    ( y ) ( ( X ‘ )D*R)
------------- i L L i r f i i L - »  Y dRjj ( ( x ) D ' R ) ( X ' D ' R ) ---------------------- > ( Y ' ) ( X ' D ' R )
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Now no m atter how sums were chosen, one would get a fu n c to r cp^ from

(given by (5 .8 ))  to  (R)( t y  sending to  (Y^)g ,

7  to  (y ) ,  ; and using (5 .9 ) and (5 .12) one imm ediately g e tsXd X d

C lea rly , ^  i s  an isomorphism in  [G at^, 6 ^ ] ,  But using th e  a s s o c ia t iv i 

ty  of sums in  S  (equation  ( 2 .5 ) ) ,  one imm ediately ge ts  th a t  (j>̂  i s  

the  id e n t i ty  of (R)|u^^ “ (R)(p(^)T in  [C at^, . But th e  e x is t 

ence of a n a tu ra l  tran sfo rm ation  p  whose in s tan c es  a re  e q u a l i t ie s  im plies 

th a t  th e  dbrn&m and eodcmatn of f  are  equal fu n c to rs .

The follow ing p ro p o sitio n  i s  e a s i ly  seen to  ho ld ; i t  j u s t  says some

th ing  about th e  s iz e  o f horn s e ts  in  [ G a tg ,€ ^ ] .

PROPOSITION 5 .5 . The monad T on CAtJ  d efines by r e s t r i c t i o n  a 

monad (a lso  c a lle d  T) on GAT .̂

R e ca ll O ]  th a t  a monad T, on a ca tego ry  é  d e fin es a ca tego -
m

r y  w ith  ob jec ts p a irs  (G, ^  ) (G € \w\» ^  : CT—^ G) such th a t

I ' f  - Î  * M e %<:, ■% ■ i c ’

(i^ '‘') ( ( o ,J = ) ,  ( c ' , J ) )  S  ^ ( 0 , 0  ,

namely those g : G— >G' which s a t i s f y  gT ^  . g . Beck and

Lawvere used the  term  a lgeb ras over T fo r  the  o b jec ts  of ^  they

c a lle d  the  s tru c tu re  of the  a lg eb ra ; th e  g ’s a re  c a lle d  homomorphisms, 

•Using th i s  term inology, we s ta te

DEFINITION 5 ,6 . An a lg eb ra  fo r  the monad T , ^  is  c a lle d  a P E f-

/
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l im it  a lg eb ra  (w ith re sp e c t to  C a t^ ). A homomorphism fo r  the  monad i s  

ca lled  a p re lim it homomorphism.

6 . The 7T^' - fu n c to r .

R eca ll th a t  a q u o tien t o b jec t q o f an ob jec t B in  a category

i s  an equivalence c la s s  of epimorphisms w ith  domain B, the  equivalence

re la t io n  being
e e '

B  >X B ------- ^ X '

i f f  th e re  e x is ts  an isomorphism j  ; X— >X' w ith e , j  = e ' .

Me s h a l l  say th a t  a fam ily  E of epimorphisms in  (S form a (f u l l )

choice of q u o tien t o b jec ts  i f

( i )  Ig  e E fo r  a l l  B € |< 8 |.

( i i )  E i s  s ta b le  under composition

( i i i )  i n  each q u o tie n t o b je c t, there  i s  a t  most (p re c ise ly )  one e le 

ment from E ,

( I f  the  horn s e ts  of 68 are no t d i s jo in t ,  th e  d e f in i tio n  must be modifiée^ 

in  an obvious way).

In  th e  category  S  th e re  i s  a canon ical f u l l  choice 0 ^  of quo

t i e n t  o b je c ts :

f
DEFINITION 6 .1 . I f  A  B is  an epimorphism in  o  , i . e .  an

onto map between o rd in a l numbers, we take f  É i f f  the  fo llow ing

holds :

b <  b ' in  B m in(f ^ (b ))  <  m in(f“^ ( b ') )  in  A.

I f  th is  h o ld s , we s h a l l  a lso  say : f  gives B the q u o tie n t w ell o rd e rin g .
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D efining (f u l l ) choice of subobjects in  a category  as the  notion

dual to  ( f u l l )  choice of q u o tien t o b je c ts , we a lso  have a canon ical choice

(0^  of subob jects in  ^  ,

DEFINITION 6 .2 . I f
f

A--------

i s  a monomorphism in  ^  , i . e .  a 1-1 map of o rd in a l numbers, we take 

f  6 0 ^  i f f  f  i s  o rd erp re se rv in g .

The choices (0 ̂  and ( ^ ,  to g e th er w ith  a l l  id e n t i ty  maps of U-Ene,

form a (n o n -fu ll)  choice of q u o tie n t-  and subobjects in  U-Ens.

I t  i s  w ell known th a t  the  category  of s e ts  i s  a r e f le c t iv e  subcatego

ry  of the  category  of c a teg o rie s  (as w ell as a c o re f le c tiv e  one). We are 

going to  co n stru c t a sp e c if ic  r e f le c t io n  fu n c to r : Cat —> S  fo r

the  sp e c if ic  c a teg o rie s  Cat^ and 0 .

R eca ll th a t  a connected component of a category  i s  a subclass

G C \iA\ such th a t  any two o b jec ts  A, A* in  the  subclass can be connect

ed by a f i n i t e  s t r in g  of morphisms in  w ith a lte rn a t in g  d ire c tio n

A — -)»B2 4—  B g  4—  • ” ■ ÿBj^^r-— A '  ,

and so th a t  G i s  maximal w ith re sp e c t to  th i s  p ro p erty . Then \Jl\ is  

the  d is jo in t  union of i t s  connected components.
uNow l e t  A  € |Cat j . The s e t  of connected components of / A  d e te r 

mines a q u o tie n t ob jec t of \ /A \  , and s ince  l^ |e  l ^ | , th ere  i s  a unique 

6? g -chosen q u o tie n t, denoted

lAI — (A)Xc
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The map p can uniquely  be extended to  a fu nc to r /A  ^ —> (A)7To i
U

(1 : the in c lu s io n  fu n c to r of d is c re te  ^  -c a teg o rie s  in to  Cat ) .  P i-
uU,nà l^y  th e re  i s  a unique way of extending : ICat I ------to  a func«

to r
,U

TTq : Cat

in  such a way th a t  the p 's  form a n a tu ra l transfo rm ation

JTo '  1 - Cftt®

We s h a l l  u su a lly  w rite  { k }  fo r  (A)p ,  A€ The r e s t r i c t i o n  ofIK
TTg to  Cat w il l  a ls o  be denoted TT^.

In  the next se c tio n  we s h a l l  as a main lemma need the  follow ing r e 

s u l t  e s ta b lis h in g  a connection between the  monad T, ^  of S ection  h 

and the  j u s t  d e fin ed . By composing w ith  the  obvious isomorphism

[ C a t ,€%] ^  Cat

the functo rs 7C ^ ; Cat ^  and i  ; B  —^  Gat give fu n c to rs

rc.a—[C a t,Ç  -i]
i

LEMMA 6 .5 .  The follow ing diagram of func to rs commutes

 f h . [C at, 6  2 ]

i)T

[G at, e  [ c a t ,  6 1 ] ^ -----7 % ^ ^ 1^
^ o
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PROOF. We s h a l l  produce a n a tu ra l  tran sfo rm ation  from the  clock

wise composite fu n c to r to  the  counterclockw ise composite; <§. w i l l  tu rn  

out to  be the id e n t i ty .  Let R be an o b jec t in  th e  upper l e f t  ca tego ry , 

i . e . ,

R : j!A -  5 [C at, £ .

There i s  an obvious fu n c to r , n a tu ra l  in  R,

cpR : R (u-i >R7[g i ^

given by

h  ' L j -  (xp)a , X 6

X , 0 .  ,

where in  the  l a s t  r e la t io n  a : A*—^A’ in  / A ,  x : (X)(aR)—~>X* in  

A‘R and where

Oa ^ _ _ L 1 _  §({X a S } ,{ x '} )  .

We then pu t

(6 .1 ) # i i  "  .

We claim  th a t  i s  an isomorphism. To see t h i s ,  i t  su ff ic e s  to  examine
R

[<Pĵ | . F i r s t ,  |%l i s  onto, so i s  on to . Secondly, l e t  (Xp)^ be connect

ed to  (X 'p)^, in  R T(^^, e .g .  by

(Xp) .-a™«—™1—™«^(Xnp). — —.2™— (XoP )a ——̂  o.fl (X p) ,
A "̂ 2 A

th i s  means by d e f in it io n  th a t  (X)(a R) can be connected to  X^ in  A^R;

thus X can be connected to  (X^)^^ in  R p^? smd i t  means th a t  (Xg)(agR)

can be connected to  X. in  A_R; thus (X„). can be Connected to
2

(X^)^ in  R p j l  and so on.
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This proves th a t  ^  i s  1-1 and on to . We note th a t  f i t s
R

in to  a commutative diagram

JJL -Iari
A€ lA l

(AR)7T,
A e l A l

( B p i ) S o   Ç  -> (S )(7 C .i)^ l7 T o

where th e  two v e r t i c a l  maps are the  0  q -chosen q u o tien t maps, and where

W .

the upper h o rizo n ta l map i s  the sum o\rer 1^1  of th e  

t i e n t  maps

-chosen quo=

lARl-
Pa

T>(AR)]r ,

A e A l ,  But now i t  i s  easy  to  see th a t  by th e  sp e c ia l  choice of

q u o tien ts  in  ^ , and th e  d e f in i t io n  of sums in  S  , a  sum of O q -cho

sen q u o tien t maps w i l l  i t s e l f  be an -chosen q u o tien t map. And since 

i s  s ta b le  under com position of maps, f i t s  in  a diagram

where the arrows — —̂  are  0 ^ -chosen . Since th e re  i s  only one ^ q ~

chosen map in  a given q u o tie n t o b je c t, we conclude th a t  i s  the  iden

t i t y ,  Since i t  i s  a lso  n a tu ra l  in  R, the  lemma fo llo w s.

Because of an a p p lic a tio n  in  Chapter I I ,  we s h a l l  a lso  define  a 7T -

fu n c to r fo r  a rb i t r a r y  sm all c a teg o ries

(6.6) Î CAT ■— U—Ens 
0 U '



5o

Let (/I e Then connectedness d e fin es  an equivalence r e la t io n  on

Take cA k  to  be the s e t  o f equivalence c la s s e s , 
o

We s h a l l  no t n o ta t io n a l ly  d is t in g u is h  between the  two d if f e r e n t  TQ, - 

fu n c to rs  d e fin e d . In  each case i t  w i l l  be c le a r  which i s  meant.

7 , ^  as a c o lim it a lg e b ra .

We s h a l l  endow S  w ith  the  s tru c tu re  of a p re lim it  a lgeb ra  w ith 

re sp e c t to  a l l  of Cat (D e fin itio n  5 ,6 ) ,

DEFINITION 7 .1 . Let (8 € |CAT |̂ be a rb i t r a r y .  We say  th a t  a fu n c to r f

4)T -  [c a t ,e (4 ]  —

i s  a co lim it assignment on (B i f

( i i )  fo r  a r b i t r a r y  ZA— ~>(^ (ZA € IC a t|) , R<p i s  a c o lim it of R 

w ith  <p of the  arrows

being mappings in  d è  c o n s titu tin g  R<̂  as lim _(R). We s h a l l  c a l l  

a co lim it a lgeb ra  or ^  an a sso c ia tiv e  c o lim it assignment i f  ^  a t  

the  same time i s  a p re lim it  a lg eb ra  s tru c tu re  and a c o lim it assignm ent.

Note th a t  co nd ition  ( i )  in  th e  d e f in i t io n  i s  au to m atica lly  s a t i s f ie d  

i f  ^  i s  a p re lim it s t r u c tu r e . I t  should a lre ad y  now be c le a r  th a t  a co

l im it  a lgeb ra  ha* c o lim its  which f i t  to g e th e r in  a v e ry  simple way.
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R eca ll the  fu n c to rs  i  of the preceding sec tio n :

< g t =rf^~~:>[Cat, € i ]  = IT . 
i  ^

With the  term inology of D e fin itio n  Y .l , we s h a l l  prove 

THEOREM 7 .2 . L et ^  be th e  composite fu n c to r

8 T  -------—> IT^ — ---- -> 1T  ---- — ^ 0  ,

Then S  i s  a c o lim it a lg eb ra , and i s  a homomorphism.

PROOF, We f i r s t  prove th a t  i s  a p re lim it  S tru c tu re , A c tu a lly ,

most of the  work fo r  t h i s  has been done in  S ec tion  6 , F i r s t

° J  “ %  * • A^l * ^ o  " I  • * /^1 &

" T " I . -
Secondly

3,T • ^  = iT . iXjT , (TCQ.i)T , ,

and by lemma 6,5» th e  equation continues

iT . ^^T . , X q = iT . . X q

- r s  • ® • M l • 5^0 ’ f* 8  • f  •

This proves th a t  ^  i s  a p re lim it s t ru c tu re .

To prove th a t  i t  i s  a co lim it assignm ent, consider a  fu n c to r

a  • :::

R 6 I ^ tI J in  p a r t ic u la r ,  A  C |Catl  ̂ A lso consider th e  morphisms in  S f
i ' ... .

-M.t
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1—  —

(A-R):7

A Ç I/A I. Now R ^  i s  of an 0  -ca tego ry  ( R ) i T ^  w ith  ob jec t

s e t

11 AR ;
A€L0Vl

th e  morphisms (A-R) a re  e a s i ly  seen to  go to  the  s e t  mappings

in c l ,
AR " ' -  R j

given by

I  3^p .

The in c l^ ’s c o n s titu te  R_  ̂ as a co lim it o f R. F i r s t ,  i t  i s  cle#P from 

th e  d e f in i t io n  of morphisms in  RxT jjLj th a t  given a : A—^A ' in  A .  

and X e AR, we can c o n # #  X^ to  ((X )(aR ))^, in  hX T ^^, so th a t

(X^)p .  ( (X )(aR ))^ ,p  .

This g ives aR . in c l^ , = in c l^  . Next, l e t  a  fam ily  of mappings f^  in  

S  be g iven  : t AR-^M, such th a t  fo r  each a : A— >A’ in  A

( 7 .1 )  f^  » aR . f^^ .

Define fâ^  : R F — >M by

XÊ AR, This i s  w ell d e fin e d , fo r  i f  X^p = X '^^p, i . e ,  -jX^^ = j

th en  i t  is  eas y , using th e  equations (7 ,1 ) , to  prove (X )f^  « ( X ' ) f ^ , ,

• -I#''
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I t  i s  c le a r  th a t  in c l .  . f«j = f  * j and th a t  i s  the  unique mapping-A- A
—» M having th i s  p ro p erty . This proves th a t  [p  has p ro p erty  ( i i )  

of D e fin itio n  7 .1 , so i t  i s  a  c o lim it assignm ent. F in a lly , yZç*B being 

a homomorphism fo llow s d i r e c t ly  from Lemma 6 .1 , The p roo f i s  com plete.

R
DEFINITION 7 .5 , Given a fu n c to r  A  ^ 8  w ith  A  6 iCatl , so

th a t  R ^  i s  d e fin ed . C all th e  n a tu ra l  c o lim it o f R , and denote i t

= y^(R) .

REMARK 7.1i. Let (8  ,(?>T—^.->(8 be a co lim it a lgeb ra  (or j u s t  a

f i n i t e  -  sum a lg e b ra , i . e .  w ith  T defined  w ith  re s p e c t to  the  subcatego-

r y  & C a t) . Denote j_ L g  by Aq+ . Then

(^0*^1 ̂ *^2 ” ^  “ Aq+(Ay+A2),

and th e  fo llow ing diagrams commute

in c l  in c l
Aq ............— > Aq+A  ̂ — ------— ^  (Ao+Ay)+A2

II

in c l-  in e lp
A^ '-T' Aq+Aj  , (Aq+A]_)+A2

A ...........................  - .....> IL A.
in c lx  5

in c l i
A ■' " '...... ..... .—")> (Aq4Ay)+A2

^2 in c lg  ^  ^1
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s im ila r ly  fo r  the  th ree  analogous diagrams formed by considering  Aq+(Ay-*-A2 ) 

One might express th i s  by saying: b in a ry  sums a re  a sso c ia tiv e  in  a  c o lim it, 

a lg e b ra . This i s  j u s t i f i c a t io n  fo r  using  "a sso c ia tiv e  c o lim it assignment" 

synonymous w ith  "co lim it a lgebra  s tru c tu re " .

We use t h i s  remark to  show th a t  8  i s  in  some sense th e  sm alles t 

"category  o f s e ts "  which can c a rry  a sso c ia tiv e  c o lim its  -  a t  l e a s t  i f  one 

adm l#  th a t  th e  only  n a tu ra l  category  of s e ts  sm aller th an  8  i s  the  

s k e le ta l  one. P re c is e ly

PROPOSITION 7 .5 . The s k e le ta l  category  S  of s e ts  in  U does no t ad

m it an a sso c ia tiv e  c o lim it assignm ent, no t even a f i n i t e  a sso c ia tiv e  sum 

assignm ent.

PROOF. Since th e  category  i s  s k e le ta l ,  the  chosen sum diagram fo r

in c l  in c l
(7 .5 ) H o ~ — ------ —^ J ^ o  '

Assume th a t  the  b le a ry  sum fW m m tim  comes from a s tru c tu re  ^  as in  Re

mark 7.U (w ith 8  fo r  (% ) .  P u tting  A^ ^ ^

commutative diagrams th e re ,  one g e ts  (w ith in c l^ ,  in c l^  the  maps in  (7 .5 ) :

in c lg  , in c l^  = in c l^  . in c l^  :

idiich i s  co n tra ry  to  the  f a c t  t h a t  in c l^  and in c l^  have d is jo in t  ima

g es, This proves th e  p ro p o sitio n .

8 . F u rth e r p ro p e rtie s  of 0  . X ..

For fufeure re fe re n c e , we c o lle c t  some u se fu l f a c ts  about S .  We have 

a lre a d y  in  D e fin it io n  6 ,1  p u t a choice o f q u o tie n t o b jects  on « S , These
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a re  re la te d  to  the  n a tu ra l  c o lim it s tru c tu re  ^  .

PROPOSITION 8 .1 . Let be € ^ -chosen q u o tie n ts  in

fo r  i  C I  6 NBL Then

i i  Aj_ — B
I  I  ^

i s  an -chosen q u o tie n t.

The proof i s  easy .

Let £  <= ICatl be given by

(8 .1)

= 2 

E ( o ,  1) = 0 

:(o , 0 ) = g ( i ,  1) = 1 

S ( l ,  0) .  2 ,

i . e .  i t  looks l ik e

l e t  é  give the  diagram

f  .

_ (i)R  (o)R

in  8  . Then th e re  i s  a sm a lles t equivalence r e la t io n  w  on (0)R w ith

(a ) f  ^  (a )g  V a €  (l)R  .

So a q u o tie n t of (0)R i s  determ ined. I t  i s  now easy to  see th a t  i f  q

i s  the  0  -chosen q u o tie n t, then  
6
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f  , q
(1)R ~ Z ?  (0 )R .......  > Q

g

i s  a lso  the  c o lim it diagram according to  ^ , in  p a r t ic u la r  (0-R)

^O . 03

(8 .2) 6 (0)ff

goes by ^  to  q . Conversely, any chosen q u o tie n t map in  ^  can be g o t

te n  as a c tin g  on (8 ,2 ) fo r  s u i ta b le  R.

The p roof o f these  f a c t s  i s  easy .

PROPOSITION 8 .2 . Let I D -  > be a r b i t r a r y .  Then th e  canonical

map q

(8 .5 ) _ H _  DR .- > ( R ) f
D e |H>1 -)

given by in c l^  . q = (D -R)^ i s  an (P^ -chosen q u o tie n t mapping, (D-R)

denoting the morphism

PROOF. This i s  e s s e n t ia l ly  ju s t  to  observe th a t  ( R ^  was defined 

as 5T of an (P -ca tegory  w ith  ob jec t s e t  the sum in  (8 .5 ) .



CHAPTER I I  

THE COLIMIT MONADS

1. The func to rs G ray.^g.

/I uFor c/1 6 CAT^, we s h a l l  produce a fu n c to r

TT g ra y .f  ,aOPP
(1 .1)  2___^ (U-Ens)(/^ .

L ikewise, fo r  Jl € C at^ , we s h a l l  produce

(1 .2 , - A -

We are prevented from saying th a t  these  fu n c to rs  are n a tu ra l  in  cA by 

the f a c t  th a t  the codomain c a te g o rie s  do no t depend fu n c to r ia l  in  cA.
In  [ i i] .  Gray c o n stru c ts  a p a ir  of a d jo in t functo rs between l )  ; the  

category  of c a teg o rie s  over Jl , (CAT,€^|), and 2 ): the c a teg o rie s  s p l i t  

f ib e red  over cA . His d e f in i t io n  of the  fu n c to r from l )  to  2) i s  e a s i ly  

extended to  [CAT, ( ^ ] . Applying "X q  fib erw ise"  (the ^ to  be made p re 

c is e  below) sends us in to  the ca tegory  of c a te g o rie s  s p l i t  f ib e red  over 

iA and w ith d is c re te  f ib r e s ;  t h i s  category  i s  eq u iv a len t to  the ca tegory  

of c o n tra v a ria n t s e t  valued fu n c to rs  on J l .

The composite ( l . l )  can be described  e x p l ic i te ly  as fo llow s.

Let R : I D— be an o b jec t of [ C a t^ ,^ ^ ] . Then (R)gray.^^ i s  

the  fu n c to r — ►U-Ens given by (with ^ as in  (1 ,6 .6 ) )

A A* ( (  , R ) X

'1 - 5 ’ a b a b ,
( A t  ------- ► A )  /V» ( { A  --------- ^ D r ' \ ' ^ ] [ a '   VA ------- VDRj) .
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Here i - }  denotes -classes in (€a,R ), ( € ^„R), respectively,

and the notation A—̂ DR is  obvious for an object in anâ is

explained in Section.k of Chapter I ,

Next, le t  there be given a morphism ̂ in [Oat^,

4P ------_ Î L _ _ >  ^

il,h )

then  ( ) g r a y .^  i s  th e  transfo rm ation  whose' A -component i s

(1 .5 ) > dr}  ^  { k      •> DR — .

I f  € C at^ , i . e .  i s  lo c a l ly  w ell o rdei^d , then  1( 6 a »®̂ I v e i l  

ordered by the  canon ical iscmorphism

|( Ç . ,E)| =  _L L  A a,DR) .
D€| ID|

Let ( 6j^»R) TTg have the  q u o tie n t w ell ordering  (S ection  6 of Chapter I )

and use ( ( :A ,R )? T  to  denote a lso  the corresponding o rd in a l number.
A o

Then (1 .5 ) and (1 ,5 ) defines the  func to r Gray.(p^ of (1 .2 ) ,

R e s tr ic tin g  Gray.^^ to

tJj~T ** [C a t, G [Cat , £^ ]

gives a functo r 

(1.6)

Now is  a c o lim it a lgebra w ith  the s tru c tu re  in h e r ite d  by the

s tru c tu re  on S  (1 .7 ) ;  and cÂT! c a r r ie s  the  p re lim it  s tru c tu re  

Relative to these we have
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PROPOSITION 1 .1 . The func to r G r a y .^  in  (1 .6 ) i s  a pre l im i t  homo

morphism

The proof i s  om itted , since we w il l  l a t e r  fa c to r  Gray.^^ in to  two 

fu n c to rs , each of which w ill  be proved a homomorphism.

y4°PP
For <A 6 CATy we w il l  in  general have the horn s e ts  in  (U-Ens)^4

are  b ig , i . e ,  in  V. We have however.

PROPOSITION 1 ,2 . The f u l l  image of the fu n c to r g r a y ,^  in  ( l . l )  has 

hom s e ts  of the s iz e  of s e ts  in  U.

PROOF. By a theorem of I s b e l l  [ 6 ] ,  i t  su f f ic e s  to  prove th a t  every
opp

ob jec t ( R ) g r a y , i s  proper in  the sense of [6 ] :  A fu n c to r F : </#■ —V

U-Ens i s  p roper, i f  th e re  i s  an M € U and an M -indexed fam ily  

of p a irs  (A ^,x^), € Ic4 l, £ (A^)F, so th a t  fo r  every A and every

X € (A)F th ere  i s  an m and an a € c/?(A,A^) so th a t

X = (x^)(a)F  .

I t  i s  e a s i ly  seen th a t  fo r  F = (R )gray .(^  we can get a I Q> I-indexed 

fam ily  w ith th is  p ro p erty , ( ID being the domain of R), namely

I
(DR, { DR > DR}) D € |1D|.

2 . The endofunctor on CAT̂ .

Let

c : CAT  ̂— ■> Caty

U
denote a fixed  equivalence, having the in c lu s io n  Cat^ Q GAT̂  as a l e f t  

in v e rse , i  . c = Ic a ty -
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U ^

Let f o r  f i x e d  Jl €: CAT  ̂ c ^ ©  an d  c « ©  d e n o te  t h e  f u l l  im a g e s
of the  fu n c to rs  g r a y .^ ,  c . G r a y . r e s p e c t i v e l y ,  i . e .

u gpAy.fo rv̂ OPP
[Cat , % ]  ------- _ _ ^ 4 0  s . U -Ens^

They w i l l  s a t i s f y  

( i )
n n ,

(2 .1 ) ( i i )  ®  i s  an endofunctor CAT^ ^GAT^

( i i i )  J ) ®  a d m its  a s s o c i a t i v e  c o l i m i t s .

One would l ik e  ( i i )  and ( i i i )  s a t i s f ie d  sim ultaneously . We s h a l l  co n stru c t

a fu n c to r so th a t

( ! )  ç / îv  ^  j i Q  — j è
U Ü

(2 .2 ) ( i i )  V  i-8 an endofunctor CAT  >GAT
V • V

( i i i )  c /?V  a d m i ts  a s s o c i a t i v e  c o l i m i t s .

Let cA and (8  denote c a teg o rie s  in  CAT^, We define an equivalence
V

re la t io n  on |[G at^ , 6^^]] .

DEFINITION 2 ,1 . Put

t D— =  I P '—

i f f

(2 ,5) IIDI = ifP 'l A I r I « Ir 'I

and

(2,U) (R )g ra y .^  = (R « )g ra y ,^  .
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This i s  c le a r ly  eq u iv a len t to  say ing : (2 .5 ) h o ld s , and fo r  a l l  A t

■{a — -> d r}  I a ^  DR'}

i s  w ell defined  and d efines  th e  id e n t i ty  mapping.

G
LEMMA 2 .2 .  Let Â

w ith  R, R' as in  the  D efin itio n

.Übe an a rb i t r a r y  fu nc to r in  CAT . Then

R 3 -  Rl R.G R '.G  .

b '
PROOF. Let B i»DRG B DJ_RG in  ( € g ,R ) . This means

th a t  th e re  e x is ts  a chain  connecting them, as d isp layed in  th e  l e f t  h a lf  

of the  diagram

DRG

(2 .5} B

D'RG

> D Ri

m

But Dj^ D n + f -  V R . in  T herefore by

assum ption d^R : DnR—^D^_^^R« and D^R— D̂ ^R' can.be connected in

( €  ,R ') s  a  connection i s  d isp layed in  the  r ig h t  h a lf  of th e  diagram
Dĵ R

above. For each tr ia n g le  appearing on the  l e f t  hand s$de, form such a connect, 

t io n ,  TAke G on a l l  th e  diagram s on th e  r ig h t  hand s id e  and patch  them
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to g e th e r w ith the  l e f t  hand diagram and g e t a  connection e s ta b lis h in g

b b«
B — ->DR»G B -------^ D ^ R 'G .

The lemma now i s  immediate.

I t  w i l l  be convenient to  in troduce th e  fo llow ing n o ta tio n . Let

(2 .6 ) I P .............J i  E" > c A

U fÆ°PP
be o b jec ts  in  [Cat , , and l e t  m be a  morphism in  U-Ens

m
(2 .7 ) 01)g r a y .  >  (P )g ra y .^  .

For D 6 101, we ge t an element

I
{dr e (€db»*’>̂ o •

Chose an o b jec t in  ( ^ drjP) rep re sen tin g  t h i s  element

DR-— ----- ->EP .

(This use of the  axiom of choice i s  a b so lu te ly  u n e s s e n tia l ,  i t  i s  j u s t  a 

n o tâ tio n a l convenience).

I t  i s  easy  to  see the  fo llow ing : l e t  in  a d d itio n  to  (2 ,6 ) and (2 .7 ) 

S : C — >Jl- be given to g e th e r w ith

n
(S)gray.<pQ  > (R )gray .^o  .

Then fo r  C 6 : CS — >DR , we have

/O N  , \G C D(2 .8 ) ^ (n  . m) #n .
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in  ( € c g ,P ) .  Observe likew ise  th a t  i f  d : D —>D' i s  a morphism in  I P ,  

then
D' D

(2 .9 )  dR . *m ^  ^m

ill ( (  DR*^  ̂“

DEFINITION 2 .5 . Let G. CAT^. Let c/ÎV denote th e  category  w ith

IJIVl “ l t c a t ^ , e ^ ] | / 4  J .

i f  R, P € i[C at^ , 6 ^ ]i and -{r} , {p} denotes t h e i r  ~  c la s s e s , then

( J V ) ( -{ R ] ;  {p3) “ (U^ns*^ ^^)(R  g r a y . |^ ,  P g r a y .^ )  .

Composition in  the  ca tegory  JlV  i s  defined by means o f th e  composition 
A  opp

in  (n -E n s)^  . - F u r t h e r :
G Ü

Let c/1̂— be a morphism in  CAT̂  . Let (G)"Y denote th e

fu n c to r

(GXY :

given on o b jec ts  by

(2.10) <R> IR  . Gj

and on maps by

((R)gray.(po--------> (P )g r 'ay .y J

(2 .1 1 ) /  b (m )(G )Y  r ^
H B  ------->Dm } { B  :> DBG ----- ^  g 'G j^

idiere R, P , and m a re  as in  (2 .6 ) ,  (2 .7 ) ,  re s p e c tiv e ly .

I t  i s  c le a r  from the  d e f in i t io n  th a t  ^  so th a t  we imme

d ia te ly  have ( i )  and ( i i )  of (2 ,2 ) s a t i s f ie d .  Of co u rse , one has to  check
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v ario u s p o in ts  o f th e  d e f in i t io n .  By Lemma 2 .2 , (2 ,lo )  does no t depend

on the  choice of R in  f a } .  A lso, i t  i s  e a s i ly  checked th a t  (2 ,11) does
D b

n o t depend on the  choice o f R, P , *m and B  > MiG in  t h e i r  re sp ec 

t iv e  c la s s e s .  F in a lly , the  same arguments w i l l  prove th a t  V  commutes

w ith  com position, (G , g O 'V  “ ( ^ )V  • (^ ')* Y  •

A lso , by p ro p o sitio n  1 .2 , th e  ham s e ts  o f c^V a re  (isom orphic to )  

s e ts  in  U, so th a t  may be considered as being in  CATy.

One reason idqr i t  i s  n a tu ra l  to  consider the  r e la t io n  s  i s  given by

PROPOSITION 2.U. Let ID
R R»

a  B>' -----------------, and l e t

in c l
DR D - > l t o ( R )  ,

D 6 10)1 -  ICD'I, be a c o lim it diagram fo r  R. Then i t  i s  a ls o  a c o lim it 

diagram fo r  R '.

PROOF. I t  s u f f ic e s  tp  prove th a t  fo r  any choice o f c o lim it diagrams 

f o r  R and R ', th e re  e x is ts  an isomorphism S making the  diagrams

s
lim  (R<) 

/t

i n c l ‘.

-» l im .(R )
A

in c lD

DR' DR

commute fo r  a l l  D C ItPl -  ItD' I. For t h i s ,  i t  s u f f ic e s  to  prove th a t  

D » D » in  tP ' im p lies c m m u ta tiv ity  of

(2 .12)

lim  (R)

i n c li n c l

(d)R > D'RDR
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(and a  converse statem ent). Since in  ( )

I  (d)R'
DR = DR' —>DR' /V/ DR» —  — ^  D'R' ,

•we have by assnaç)tioh

I  (d)R'
DR ^  DR ^  m -------------^  D‘R

in  ( ÉjjjjjR). Let a  connection be as in  th e  l e f t  s id e  o f th e  diagram

D'R

(2 .15)

i n c ldR'

incl]
DR

'n+1
i n c l

DR

Now com m utativity o f the  t o t a l  diagram in  ( i . e .  o f (2 ,1 2 )) fo llow s
■y

from th e  com m utativity o f the  sm all t r ia n g le s  in  (2 .1 2 ) . The p ro p o sitio n  

fo llo w s .

5 , The monad s tru c tu re  on *V .

We s t i l l  have to  equip c/IV as a c o lim it a lg e b ra . We ge t a s l ig h t ly  

more p rec ise  in fo rm ation  by making V  in to  a monad and produce a  morphism

of monads T  , i . e .

cA-T = [G at,

Ü
DEFINITION 5 .1 , Let c/? € GAT̂  . Then



46

i s  th e  functo r given by

A -V ( l  — — — >  y?.} (A e  Ic/ll)

/
i s  n a tu ra l  in  cA .C lea rly

gray .^ o «

DEFINITION 5 .2 . Let ^CAT^ . Then

j l Y  —

R
Vcfllpj- be an o b jec t ini s  the  fu nc to r given as fo llo w s. Let 

2 ,
, Let r  be a l i f t i n g  of ( R| :

|[Gat 3 ^ ^ ] \

i -̂>
t# )t  > l # l  -  icoat” ,  e j l l ^  .

_ RP
Then {R}|A(^ 6  i s  1*3 o f th e  fo llow ing  o b jec t R V   in

(5 .1 )

[Cat ;

IRVI IdFI
D 9 imi 

( R V ) ( X d , X ' d i ) c  C:^((X)Dr, (X O D 'r) ,

namely c o n s is tin g  of those  a  fo r  which th e re  e x is ts  a connection in  ID  

from D' to  D

d _ d
D,'
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and a comomtative diagram o f the  form

0 .2) (x )D r

( I ') D 'r

^ n - l

(•)Dnr

» 'n > V

t  '

(X)Dr

the shaded diagram designates a connection

a '
(X)Dr n (X^)D^r /V (X )D r  ^ (X ^ )D ^ r

X.n-1in  (€xD r* i s  determined since  *(d^  ^E) s t r i c t l y  i s  an

o b jec t o f a comma catego ry , no t j u s t  a morphism in  J l ,

Composition in  R V i s  in h e rite d  from the  com position in  JI-.

The fu nc to r RV .assigns to  Xg (X)Dr, and to  a  6 (R D)(X^, X«g, )

as above i t  assigns a 6 c4((X)Dr, (X* )D 'r) ,
2

On morphisms in  i s  defined  as fo llo w s. Let
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and l e t  r  be a l i f t i n g  of |Rl as b e fo re , and s im ila r ly  p a l i f t i n g  

of |P| . Then

(m)ju^ ; (R V)gray.^)Q— > (Pw)gray.<|Pg

,a0PP
in  U-Ens i s  given by

*(-54® )
(5 .5) { a - ^  ( ^ ) R v j  ^  ( a - >(X )D r   >(Y)Ep = (T g)P \)} .

D X
Here ends D e fin itio n  5 ,2 . Note how in  (5 .5 ) . (.m ) uniquely  makes

sense according to  th e  convention o f S ec tion  2: m goes from (R)gray.pQ

to  (P)gray.^Q , so we have fo r  D G. IH>1
D

*® •
DR----------- > EP

/jOPP
in  th a t  i s ,  a morphism in  U-Ens

(D r )g ra y .^  — > (E p )g ra y .^  ;

p X
SO fo r  X Ç |D r |,  (̂^^m ) makes sense and goes as in d ic a te d .

We have to  j u s t i f y  the  d e f in i t io n .  C a ll the t r ia n g le s  in  the  shaded 

a reas  of (5 .2 ) in e s s e n t ia l . (They are o f the  form

(X*)l^f

(x)D^r

(x” * " ) V  : •)

Because of th e  in e s s e n tia l  t r ia n g le s  in  (5 .2 ) , one e a s i ly  sees th a t  fo r
, » _  R

fix ed  R 6  {R j  and f ix ed  l i f t i n g  r  % 5 .1 ), R V — — i s  indepen-
Xdent of the  choice o f the elem ents ^(dR) in  th e i r  re sp ec tiv e  components. 

Next we prove th a t  fo r  fixed  R €. •{r} ,  any choice of l i f t i n g  r  (5 .1 )

(X)Dr

,m+l
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gives the same R V . For, for  d : D— ?D' in  TD and X € iDrJ = iDr̂ l̂ 

(r^ and r^ being the two l i f t i n g s ) ,  we can chose #(dR)^ = * (* ^ )i • 

F in a lly  Rv does not depend on the choice of R € { r] .  (A fo r t io r i ,  {R v>} 

= i s  w ell defined .) Let namely R, P é { r ]

ÏD
a

a CE

IlDl = liE l, |Rl = 

Then c le a r ly  |RVl 

ons for

1P|. 6hoose a common l i f t in g  r (5 ,1 ) fo r  iRl and IP I 
= |P\) I , We ju st have to  prove th at the tw o  co n d iti-

a : (X)Dr— >(X ')D 'r

to  be in  (R V ) (Xq , X 'g ,) ,  r esp ec tiv e ly  (P v)(X p , X 'p ,) are equ ivalen t. 

So l e t  there e x is t  a diagram 0 . 2 ) .  We produce a diagram of the same type 

proving a £ (P ÿ)(X p , X 'p ,) . The in e sse n tia l tr ia n g les  we leave as they  

are. Consider now an e s se n t ia l tr ia n g le , e .g , the (only) one displayed  

in  (5 ,2 ) . Since (R)gray.ipo = (p)gray.^Q , we have

(dn-l)fi
V l P  =

Dn-lP

in  (P)gray.^Q . I f  a connecting chain with k lin k s e x is t  between these  

two ob jects, a ty p ica l lin k  being

D ,P n-1

EiP

e^P

V i "  '

then  uaing ( 2 ,8 )  i t  is  e a s ily  seen th a t  th e  d isp layed  e s s e n tia l t r ia n g le  . j-
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can be replaced by a chain co n sistin g  of k e sse n tia l tr ian g les  o f the  

form

(X)Dr

plus some in e sse n tia l t r i 

angels .

To prove that

LEMMA 2 .2 . l e t  E  — —^  and l e t

i s  w ell defined on morphisms, we need 

P

n n
B  EP B

in  (^ g»P ) , Then i f  B i s  represented by A G lA l ,
A

(5 .5 ) Aa

in  ( € ^ ,P y ) .

p v  ^  Aa

PROOF. C learly i t  su ff ic e s  to  assume that n and n can be connected 

in  ju s t  one step

EP

(e)PB

EP

E— in (E.

Let ^n be A—=>ïEp . Then by (2 ,8 )

X  ^  . *((e)P)'
.j.’ •<
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■> (A represents EP, and s im ila r ly  forin  ( € a , 3Ep ) ,  lAiere Ep 

Ep. Let a connection be g iven , having k lin k s , say;

(n.eP)

Aa

T'»Ep

Now *(eP)™^ € (P v )(Te ,  T'g) , and (y )lp  € (Pv»)(ï'»g', Y "'g).  The dia

gram can now e a s i ly  be reinterpreted as a connection (o f  length  k+l) r e -
-1 •

quired for  (5 .5 ) .

Nov ws can prove that the d e fin itio n  (5 .5) does not depend on the c 

choice of b in  i t s  component of (6^^, R V ). C learly  i t  su ff ic e s  to  prove 

th a t b and b' = b .a

(a)RVA

( i 'n , ) a v X'D'r

give same va lu e . The condition on a i s  that i t  f i t s  in to  a diagram (5 .2 ) .  

So i t  again su ff ic e s  to  prove that we get the same r igh t hand side of (5 .5 )  

for
a a_

XDr*----- a= l— >((% )_ and XDr------ -
n-1

and in  tu rn  fo r  th^s and
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a»
(X)Dr------------------------- av .

n

For the e sse n tia l tr ia n g le , note that ru in  ( .

Apply Lemma 5 .5  with Dr for a , X for  A, and d̂ _̂ R̂ and for

n and n , r e sp ec tiv e ly . Then (5 .5 ) g ives the desired eq u a lity . For the 

second eq u a lity , use (2 .9 ) together with the obvious fa c t  that

c c*
(5 .6 ) A  >ffip ru A  > r E p

in  (€j^ , Ep) im plies

c c'
(5 .7 )  A A  ^Y'e^V .

This shows (5 .5 ) independent o f cW ice of a .

The im plication (5 ,6 ) ^  (5 .7 ) a lso  shows th a t the (5 .5 )  for  fixed  

choice of ^m̂  does not depend on choice of _^(^mP) ,̂ And the Lemma 5.5  

shows th at i t  does not depend on the choice of ^m e ith e r . F in a lly , the 

choice o f R and P in  th e ié  respective c la sses are immaterial; fo r ,  

we can chose the same ^  for  R, P and R ', P‘ .

The proof th a t co n stitu tes a monad i s  contained in  the

next sec tio n ,

h . Proof o f the monad laws fo r  ' V .  /y.

THEOREM U ,l ,  Let y  , M be as in  the D efin ition s 2 .5 , 5 .1 .  and
U

5 ,2 ,  r e sp ec tiv e ly . Then 'Y  , jK i s  a monad on CAT ,̂

PROOF. We a re  requ ired  to  prove com m utativity of the  diagram
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( u ; i )
V

t̂ cA-
■> c^V,

R
Let in> — -—^  c/̂ -'Y represent an object o f c4^  » amd l e t

.U

(U.2)

( P h

i < . }

Ü

|dF1

|[Cat » 6jft]l

^  i  I-}  ' 

-5 U V I
fHl lnr|

(the la s t  fo r  every D ^ |P | )  be l i f t in g s  as in d ica ted . In particu lar g for  

X £ llff 1, XDs i s  a functor
XDs

XDs  ------> ,

X a)v Jfy  accordingand for  Y 6  IXDs I, YXDs € |JW . Construct (B)y 

to  D efin ition  2 .5  with c/?Y in  place of cA. The l i f t in g s  ( i i .2) give 

a l i f t i n g

, |[Cat^,

i i - i

l (R )v l
I J I V I

sending X to  XDs, Use th is  l i f t i n g  to  construct (E )v i^  
D

(k.5)
(R)VV>  ̂ ^

(R)VV ------------------>c//-

representing (WT
On the other hand, {R )( i® represented by R , , for  which

we have a l i f t i n g  t

Y
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given by

Dt

[C at ,

iip i

Bt

■Use t h i s  l i f t i n g  to  compute

(U.U) (R . )  <Jr

rep re se n tin g  ({r} )(  . We claim  th a t  (U.S) " (U.U). The s e ts

of o b jec ts  o f th e  two c a teg o rie s  a re  th e  o rd in a l numbers

|XDe

X ^f _ L I_ lD rl  
^ D€|Dl

D 6 IH)| X e lDr|

which are  equal by a s s o c ia t iv i ty  of o rd in a l sum ( 1 ,2 .5 ) .  A lso , the  two 

o b jec t mappings in  (U.5) and (U.U) a re  equal;

» (ÏX>D € IcAl.

We have to  prove

(U.S) C (R )\JV )(T j ,  Vy. ,  ) = ( (R  .  jW c4_)V )((% )D , ( I ' l . i p , )  .

Both s id e s  in  (U.S) a re  subsets  o f c/^YXDs, % 'X 'D 's) , and s ince  the  func

to r s  (U.5) and (U.U) have th e  in c lu sio n s  as horn s e t  mappings, (U.S) w ill  

prove (U.5) = (U,U)<.

The co nd ition  fo r  

(U .6) b ; IXDs— »Y'X:D's



being in  th e  l e f t  hand s id e  of (U.5) i s  th e  ex is tence  of a diagram analo 

gous to  (5 .2)

(T')X«D's

(4 .7 ) IXDs

Tn
» n ) D

I n
a in

'V

I  y  in  XmPraS 
y m

Î  ( y ) ^ V

( ^ ) W

(T)XDs

(one e s s e n t ia l  and one in e s s e n tia l ,  t r ia n g le  d isp layed) . Now ; a  . being a mor

phism in  R9 s i t s  in  a diagram (5 .2 ) (w ith  ^  fo r  X, D, and X^,

f o r  X», D>). Let i t  have k l in k s ,  sa y . Then i t  i s  e a s i ly  seen  th a t  the  

e s s e n t ia l  t r ia n g le  in  (4 .7 )  can be rep laced  by k e s s e n t ia l  t r ia n g le s  

haying as v e r t i c a l  p a r t  e i th e r

(4 .8 )

or

X T

(k.9) * ((x)D r)

( d a  morphism in  IE> , x  a morphism»'in t  in  some iD rI, Y in  XDs, 

Y in  some ^ ? )  in te rsp e rse d  w ith  in e s s e n t ia l  t r ia n g le s  l ik e  the  one a l 

ready d isp layed :
w

(4.10) (y)XDs .

The condition for  b in  (4 .6 ) to  be in  th e  righ t hand side  of (4.5V  

i s  the ex isten ce of a diagram

.
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ïKDs

Dn

d i n  I D
V/

4 ,

‘■m X. 
A m

u in  Dj t̂

T»m X»m

again  "with an e s s e n t ia l  and an in e s s e n tia l  t r ia n g le  d isp lay ed . By th e  ve ry  

d e f in i t io n  of on a morphism, the  e s s e n t ia l  t r ia n g le  in  (it.11) i s

of th e  form ( i t ,8 ) . Now consider the  in e s s e n t ia l  t r ia n g le  in  ( i t . l i ) |  u , being 

in  i s i t s  as an a in  a diagram analogous to  (5 .2 )  (with

k t r ia n g le s ,  sa y ) , i t s  e s s e n t ia l  and in e s s e n tia l  t r ia n g le s  having as v e r t i~  

c a l  p a r t  morphisms (I t,9) and (it.lO ) (w ith X^ in  p lace  of X). The fu n c to r 

t  being an in c lu sio n  then  e a s i ly  gives th a t  th e  in e s s e n tia l  t r ia n g le  in  

(it.11) can be rep laced  by k t r ia n g le s  o f form (It.9) and (It.10).

Conversely, a  connection from lyXDs ^ using  as connecting mor

phisms morphisms o f the  form ( it.8 ) , (It,9 ) ,  and (it.10) can, by th e  same 

a n a ly s is  o f the  involved c a teg o rie s  of the  form (P )9  , be in te rp re te d  

e i th e r  as a diagram defin ing  b to  be in  R VD , or a s one defin in g  b 

to  be in  (R . V .

G iven n ext a morphism
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m : {r} — > {p ‘i

in  c fly^  s i t  i s  n o t d i f f i c u l t  to  tra c e  i t  th e  two ways round in  (U .l)
-Æ?PP

and see th a t  the  r e s u l t in g  morphism in  i . e .  in  U-Ens

cases have A -component (A € Iciîl):

a

in  both

{ a -> ÏX D S  = ( ï y  )RV1>}

~>YKDs > I 'X ‘D«s, (T' I» b*

The theorem now fo llo w s.

5 , The r e la t io n  between the  monads T and 'V  .

R e ca ll th a t  i f  T, /ijT, jX and 'Y , ^  a re  monads on a category

then  a morphism of monads Y  : (T , p ) ----- ^ fu nc to r t r a n s 

form ation T ^  s a t is fy in g :  For each t^^  follow ing d ia -  .

grams commute Un
# 2  — -------

a . i ) J M

\ /

I t  fo llow s, th a t  a Tj.) -a lgeb ra  s tru c tu re  on an ob jec t J?€ l'é  I, i . e . a mor= 

phism sa t is fy in g  |  J  “ 5 'V  “ J  ^

gives r i s e  to  a T -a lg eb ra  s t ru c tu re  on <7? ,  namely

c/l-T

-Vu-
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A lso , i s  a  homomorphism of T -a lg e b ra s , and

th e  T -a lg eb ra  s tru c tu re  and » re s p e c tiv e ly .

L e ttin g  now T, ^,j!X denote th e  p re l im it  monad of Chapter I  (w ith  

re sp ec t to  Cat^ = G at), and th e  monad of Section 5 , we pro

duce a morphism of monads on CATy :

I t  w i l l  fo llow  from the remarks above th a t  a  -a lg e b ra  can o n ica lly  gives 

r i s e  to  a p re lim it  a lg eb ra . The morphism ^  i s  given in  th e  obvious way:

DEFINITION 5 .1 . Let d i e  ICAT^I, Define

( 5 . 2 )  cÆt -------- ^ ^

to  be th e  obvious fu n c to r given on ob jec ts  by

* TJ
( ID being in  Cat i s  a f o r t i o r i  in  Cat , so  th a t  th e  c la s s  of R mo- 

dulo =  (S ection  2) i s  d e fin e d .)  On morphisms, i s  given by sending

a morphism

( 5 J )

in  yi-T to  th e  morphism (R)gray.ipQ ( P ) g r a y .^  in  U-Ens , whose 

A -component (A Ç fc/Il) i s

■(a ———> (D)B} ^  {a -—— DR - — ^ *
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Obviously i s  a fu n c to r , and i t  i s  n a tu ra l in  o 4 .

PROPOSITION 5 ,2 , The tran sfo rm atio n  Ï  : T— gi ven by (5 .2 )

i s  a morphism of monads.

PROOF, I t  i s  c le a r  frcm th e  d e f in it io n s  th a t  the  f i r s t  diagram of

(5 ,1 ) commutes. Let
R

ID  ^ c i^ T

be an o b jec t in  c^T ^. Tracing i t  counterclockw ise in  the  diagram gives 

an ob jec t rep resen ted  by the obvious fu nc to r from the ca tego ry  having as 

s e t  of o b jec ts

I \ iDR i
D € |H)|

and w ith  hcm (X ^,I'g ,) G (^^(Xim,I'D 'R), namely those a fo r  which

th ere  e x is ts  a diagram (5 ,2 ) . But c le a r ly  we may choose

in  th a t  diagram. I t  i s  now immediate from th e  d e f in it io n s  th a t  th e  ob jec t

in  [C a t^ ,€ ^ ]  described  by t h i s  i s  eq u iv a len t under =  to  (R)jij.

(D e fin itio n  1 ,5 ,5 , except fo r  a  minor change in  n o ta t io n ) .

Consider next a morphism /V in  c 4 t^ ,  say  (5 .5 ) w ith  c/l rep laced  

by c/l-T . I t  i s  then  easy to  see th a t  we can choose

^ ( (  ^ ) (

fo r  D 6 iïD| and

* ((

fo r  X € iDRl. Now i t  i s  obvious th a t  chasing ^  the  two ways round in



So
the second diagram of (5 .2 ) g ives the  fo llow ing morphism in

{a — (Xjj)Rjy)
 ̂ ( / \  ) _

^  ( a — ^ ( X ) D R  — ----- > ( X ) \ ( D L ) P  = ( ( X ) ^ j j ) j , L  P

This proves the  p ro p o s itio n ,

DEFINITION 5 .5 . A p a ir  ( c / / , J ) ,  where J  i s  a 'Y -a lg e b ra  s tru c 

tu re  on </?' i s  c a lle d  a  re g u la r  c o lim it a lg e b ra .

This name w i l l  be j u s t i f i e d  in  S ection  9 , where i t  i s  proved th a t  

such a F  au to m atica lly  w i l l  have the  p ro p e rty  th a t  th e  corresponding 

T -a lg eb ra  s tru c tu re

i s  a c o lim it assignm ent and th e re fo re  ^ c o lim it a lg eb ra , d e f i 

n i t io n  1 ,7 .1 . )

n Opp '
6. The r e la t io n  between e /?V  and ci^© -  ^

The p resen t s e c tio n  i s  no t e s s e n t ia l  f o r  the  main r e s u l ts  in  Sections

7 and 9 .

Let J l  €  ICatyl , i . e ,  be lo c a l ly  an d) -ca teg o ry . There i s  an ob

vious equivalence of ca teg o ries

cjgopp
(6 .1 ) 6  : c iîV    S

(c/?© being, as in  Section  2 , the  f u l l  image of

Gray.J>Q : [ C a t^ ,£ ^ ] ------> 8 ^  )

I t  is  g iven by th e  ?
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DEFINITION 6 .1 , Let d  in  (6 .1 ) be th e  fu n c to r given on o b jec ts  by

{JP  -> ^  (% )G ray.po

and on morphisms by

m - 1
((R o )g ray .^ ^ --------- > (R l)g ray .^p ) /V> . m . ,

,^ P P
where o i, i s  the  (unique) isomorphism in  U - E n s ^  from (R. )gray,<Poi  I I
to  (R^)Gray.(j^Q which fo r  each A 6 IcVH is  o rderp resev ing , ( £ a » \ ^ ^ q 

being w ell ordered as q u o tie n t s e t  o f the w e ll ordered s e t

|(eA ,R i)l  ^  - L -  c A a ,d r , )  .
D 6 IDI

I t  i s  obvious th a t

(6 ,2 ) . d  = Gray.<p^ : [ Ca t ^ , £ ^ ] — ,

as in  D e fin itio n  5 .1 .

To s ta te  the  fo llow ing lemma, i t  w i l l  be convenient to  extend *V

to  an endofunctor on a l l  of GAT^. This i s  done by re p la c in g  Ü in  Section

2 everywhere by V, In  p a r t i c u la r ,  the horn s e ts  o f an may now be
qrOPP '

hem s e ts  o f V -Ens ,

R eca ll the canon ical c o lim it a lgebra  s tru c tu re  ^  on ^  (1 .7 ) , 

which by the  u su a l »pointwise lim it*  c o n s tru c tio n  im m ediately g ives a  co- 

l im i t  a lgeb ra  s tru c tu re  (a lso  denoted ^  o r lim ^) on any ca tegory  of the 

form S  . I t  i s  p o ss ib le  to  f a c to r  th is  ^  as fo llow s;

)V
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where p  i s  given on ob jec ts by the  com m utativity of t h i s  diagram, and 

on morphisms by sending

( ID
R m P  ̂ .opp  > (  IE —— ) gray. y^

to  the  morphism (m)p : (Rg^ > (P )J  given by com m utativity of the

diagrams
(m)5

A  A
(D -R ^ = in c lg in c lg  “ (E -P ]^

DR
mD -> EP

where (D-R)
rÆ°PPis  the  morphism in  .S  T

-D 4-ID

R

and (E-P) i s  defined  in  a s im ila r  way.

The only non t r i v i a l  th in g  to  prove to  see th a t  t h i s  a c tu a l ly  w ell

defines  jO , i s :

R .opp . R' /I opp
( I D  ) = ( I D   > 8  ) = (R'),

This fo llow s e a s i ly  from the sp e c ia l  p ro p erty  (P roposition  1 ,8 ,5 ) of ^  

which makes both (R )'| and (R *)? chosen quo tien ts  of f j  DR =

I  I DR’ , -  to g e th e r  w ith P roposition  2.U,
im'i , .

LEMMA 6 .2 . Let £  Caty. Then with é  and p  &b above, we have

a ccanmutative diagram



Ô5

(6 .5 )
Y V

P
jopp

PROOF. Let an ob jec t ic/TV^ be g iven . I t  i s  easy to  prove,
AOpp

ju s t  using  th e  f a c t  th a t  ^  i s  a  c o lim it assignment on ^  th a t

an isomorphism j  : ( R « 6 ) J ----- ^ (R U ) Gray.tp^ i s  defined  by in c lp  ,  j

» j  , where

{ a  > 1  Dr}
jn  r a

( a  ) - Id Rv J-

( a l l  n o ta tio n  being th a t  of D e fin itio n  5 .2 ) .  For each D ^  IlM, l e t  Kĵ  € 

be

A |( € . ,D r ) | = _LL cÆ(A,XDr) ,
^  Xe iDrj

and l e t  : % — >(Dr) Gray,^^ be th e  obvious map. The d e f in i t io n  of

j  can now be s ta te d  by com m utativity of the  diagram

(R . ̂  ) f

I I (Dr)Gray.(po 
DeilDl

D€(D1

\/
( R V )  Gray.^Q

: Zg— > (R V ) Gray.p^ given by

A— i —» X  Dr { a   ->Xp R V }.
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Evaluate th e  whole diagram on a f ix ed  A 6 C lea rly  and each

(iCjj)A become 0 ^  -chosen epimorphisms• in  So by P ro p o sitio n  1 .8 .1

^ chosen epimorphism in  S  . F in a lly , by P ro p o sitio n  1 .8 ,2

^^D^A ^ chosen epimorphism in  ^  , This im p lies th a t  each and there»

fo re  j  must be the  id e n t i ty .  But (R,d)J^ and (R Gray.^^ are  the  

r e s u l ts  of ca rry ing  { r } clockwise and counterclockw ise around in  the  d ia 

gram (6 .5 ) ,

I t  i s  now t r i v i a l  to  check com m utativity of th e  diagram (6 ,5 ) on mor

phisms in  c/î-V^ . The lemma i s  proved.

I t  i s  c le a r  f ro a  (6 .2 ) and the  f a c t  th a t  | y |  i s  an onto mapptag 

th a t  the  f u l l  image cJ^Ù of Gray,^^ equals th e  f u l l  image of , So

Ô : J ? V  ----------------
'

i s  an equivalence and has lél an onto map. We can deduce 

lEMMA 6 .5 , For any n > 0

( a  ) v ”  !

i s  an equivalence of ca teg o rie s  and |(<o )'X ^\ i s  an onto map,

PROOF, F i r s t ,  i p  always c a r r ie s  equivalences to  equ iva lences. This 

fo llow s from th e  f a c t  th a t  V  can be extended to  a strong  fu nc to r w ith 

re sp e c t to  th e  en ric  W ch t Jbt CAT̂  over CAt!̂  , Next l e t

.n-1 I 1 A, in, \  I r  » o -lil ( 6 ) y ^ ~  I Î  — ^ | c / ? - © V

be onto, and l e t  be an ob jec t in  Since

(<o )Tj)” *'^ is  an equ ivalence and onto on o b je c t s ta g e , th e re  e x is ts  a l i f t i n g



65

i

Now { r } = {R'} ( é

In  view of Lemma 6 .5 , we can now g e t more in form ation  about th e  d ia 

gram (6 .5 ) .  Namely

PROPOSITION 6.1).. The diagram (6 .5 ) can be fac to red  as follow s

^ ^  i/t © ip )"V

(6.U)

é

F

•>  Jl§> ■
V

\k

fo r  a (n e c e s sa r ily  unique) ^  .

PROOF, Immediate from ( i ) :  cqm m utativity of th e  o u ter diagram (Lemma 

6 .2 ) ,  ( i i ) :  d V  being onto as w ell o b jec ts  as morphisms (Lemma 6 .5 ) ,  and 

( i i i ) :  i  being a f u l l  and f a i t h f u l  in c lu s io n ,

/T
PROPOSITION 6 .5 . The fu n c to r  jo  makes in to  a  re g u la r  co lim it

a lg eb ra  (D e fin itio n  5 .5 ) .

PROOF, We must see th a t  i t  i s  a s tru c tu re  fo r  th e  monad 1+", 

Obviously • p  ~ o th er equation  fo r  being a s tru c 

tu re  i s  com m utativity of th e  lower r ig h t  hand diagram in



F

By Lemma 6 .5 , ( ô  ) l | f  i s  an epimorphism in  CAT^, so i t  s u f f ic e s  to  prove 

com m utativity of the  t o t a l  diagram. Apply th e  equation  of P ro p o sitio n  6,U

tw ice ; then  com m utativity fo llow s im m ediately from the  a s s o c ia t iv i ty  law 

fo r

The f a c t  th a t  . p  :  ^J-Q  i s  a c o lim it assignment

i s  immediate from the f a c t  th a t  ^  , p  i s  a  c o lim it a ss ig n -
/jOpp' n 1 ft ~

ment on . And s in ce  é  : Y — ^cJl& i s  an equivalence and ^  (6.U)

a homomorphism w ith re sp e c t to  the  T - s tru c tu re s  » »

we im m ediately have th a t  i s  a c o lim it assignm ent. Let us sum

marize t h i s  in

PROPOSITION 6 .6 , The s tru c tu re  makes cA^^ in to  a  re g u la r  co-

l im it  a lg eb ra ; and i s  a c o lim it assignm ent.

The Theorem of Section  9 w il l  show th a t  the  l a s t  sta tem ent in  t h i s  

p ro p o sitio n  follow s from the  f i r s t .  Note how the P ropositions 5 .2 , 6.1t,

6 .5 , and 6 .6  analyze the  c o n s titu e n ts  o f th e  composite fu n c to r Gray,(|)^ ;

flPPP'
CCat,6jjil ,

■ : fi'
¥.
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In  p a r t i c u la r ,  we may conclude th a t  the  composite i s  a  p re lim it  homomor

phism, Note a lso  th a t  P roposition  6 ,6  holds a lso  fo r  any Jl* € CAtJ ; t h i s

fo llow s from th e  f a c t  th a t  such an cJl' i s  isomorphic to  an Jl in  the
U

subcategory Cat^ £ CAT^.

7 , The main p ro p e rtie s  of 'V  ,
U

One main p ro p erty  (the  o ther one comes in  S ec tion  9) of : CAT^—>
u—>CAT^ i s  t h a t  i t  i s  a fu n c to r and assigns to  a ca tego ry  a f re e  r ig h t  

complete ca tegory  on i t ,  in  the  fo llow ing sense,

DEFINITION 7 ,1 . A f re e  r ig h t  complete category  on a category  Jl i s  

a r ig h t  complete category  J l  to g e th e r w ith  a fu n c to r

h _  ........
so th a t  i f  J l  i s  any fu n c to r to  a r ig h t  complete ca tego ry ,

th e re  e k ià ts  ' a r ig h t  continuous fu nc to r H : Jl —> (2> , unique up to  i s o 

morphism, w ith  y.H = h .

"Right complete" means h e re : having co lim its  over indexcategories in

CAT^: " r ig h t continuous." i s  ündetstôod fe lâ tiv fe  to  th e s e ,
U .

Note t h a t  H i s  n o t requ ired  to  be unique, only unique up to  isom or-
A

phism. For the same rea so n , Jl i s  only  determined by J l up to  equiva

lence o f c a té g o rie s ; i n  p a r t ic u la r ,  chosing an c/î-, y  fo r  each does 

no t in  genera l determ ine a fu nc to r ^  . R ecently , Ulmer [10] has shown th a t  

a  f re e  r ig h t  complete category  € CAT  ̂ e x is ts  fo r  any Jl € CAT^, He 

tak e s  c/l to  be a s u ita b le  subcategory of U rBns'^ . For Jl sm all,

i . e .  c/̂  € CAT.r , h is  Jl reduces to  U - E n s , w ith y the  Yoneda
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jiopp

embedding. Howeverj no way i s  known to  make U-Ens depend s t r i c t l y

f t in c to r ia l  on c/l € CAT  ̂ . (The same ap p lies  to  8 ^  .)

The p re sen t 'Y  , however, so lves th e  problem in  a f t in c to r ia l  way.

(And a t  the same tim e, we g e t an a sso c ia tiv e  choice of c o lim its  on the 

so lu tio n :)

THEOREM 7 .2 . The monad ^  on CAT  ̂ has the p ro p erty : fo r  each

J) €  ICAT^l, c/?y, i s  a  f re e  r ig h t  complete category  on c/f-.

PROOF. By P ro p o sitio n  6 .6 , has c o lim its  fo r  indexcatego ries in

C at. Therefore co lim its  e x is t  in  cÂ fo r  a l l  indexcategories in  CAt|J.

We ju s t  have to  prove th e  "alm ost" -u n iv e r s a l i ty .  To do t h i s ,  we need some 

n o tio n s .

DEFINITION 7 ,5 , A c o lim it assignm ent on a category  (8

(7.1) (8t ^  ) (BV £

which fa c to rs  through i s  c a lle d  re g u la r  i f  the  fo llow ing diagram com

mutes up to  an isomorphism ^  .

(7 .2 )
lin^

>  (B

PROPOSITION 7 . It. Any c o lim it assignment 0  th e  form (7 .1 ) i s

PROPOSITION 7 .5 .  Any r ig h t  complete ca teg o ry  admits a reg u la r  c o lim it 

asai-gnmeiait (7'.i).(Not necessarily associative i)
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PROOF of P roposition  7,U. Consider an o b jec t {{Q) in  (& y ,

and l e t  r  and R-yP be as in  D e fin itio n  $ .2  (w ith in  p lace of 

We produce an iscmorphism (upper l in e  in  th e  diagram ):

(7 .5 )

lim.
^  l i m .  (R \)  )

incli

lin^ (Dr) ( i i ) inc.

(X)Dr

by requiring the tr ian g les ( i )  to  commute for  a l l  D € ITD| j here j^ i s  

determined by requiring the tr ia n g les  ( i i )  to  commute for  a l l  X 6  I Dr I.

The fa c t  that each j^ i s  w ell determined i s  easy. To see that (dR)lis^ „ jg  

« jg for d : D— ^D» in  ID , we observe that for  a l l  X G IDtI , the 

diagrams
(dR)lim

l im ( D r ) ----------— - -> lim. (D'r)

(7.L) incljj.
/1\

X Dr
(dR)

X

A

X» D'r

m e

commute ; f o r ,  th is  diagram i s  the functor lim  ̂ acting on the diagram in

(BV :
dR , '

{Dr} -------------------(D 'r}
A.
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(th e  v e r t i c a l  arrows being the obvious ones). The d esired  ccsm nutativity
X __

now fo llow s because each ^(dR) i s  a morphism X^— i n R y .
-1The in v erse  i s  given by

in c l  . o( -1
XD { r }

i n c l j  . in c ljj ;

to  prove th a t  th i s  d e fin es  a  morphism between the  two l im its ^  consider a  

morphism a : X̂ — i n RV , a as in  th e  diagram (5 .2 ) .  P l a c e

13m̂  ( IP —— > (% ) to  the  r ig h t  of th a t  diagram^ I t  i s  then

obvious th a t  i t  s u f f ic e s  to  prove com m utativity of diagrams of the form

( i )  or ( i i ) :

X.
* (d n -l^ )

n-1
( i ) n-1

. i n c l r
% -l

(x)D„r

( x A ) V

in c ly , . in c l^  
n ^n

For type ( i i )  (corresponding to  the  in e s s e n tia l  t r ia n g le s  o f ( 5 ,2 ) ) ,  t h i s  

i s  obviousJ fo r  type ( i ) ,  i t  i s  an immediate consequence of com m utativity 

of (7 .4 ) .

To prove n a tu r a l i ty  in  {r }, l e t  an m: -(R*)—>{p3 be given, as in
^  * '

Section  5 , w ith in stead  of Then th e  d e f in i t io n  (5 ,5 ) of (m) ,

to g e th e r w ith an argument s im ila r  to  th a t  e s ta b lish in g  com m utativity of 

(7 ,l t) ,  g ives com m utativity o f the curved diagram in
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( (m)R)13jnj lini)

3 ^ (  lE (2)V %  )

^  13m, (RV)
[̂ 55

cC fr

ï % ( D r )  g  ^

^  ' \ U »  ) ] #

inclj^
lim  (Ep)

-» 3M (PV )

Two a p p lica tio n s  of the  sa id  argum ent, on the  o th er hand, give the  commu

t a t i v i t y  o f ,the  two l e f t  hand squares in  the  diagram. This proves n a tu ra l-  

i t y  o f o ( , thus the  P roposition  7 ,b .

PROOF of P ro p o sitio n  7 .5 . By th e  P roposition  7 ,h , we ju s t  have to  

produce a colim it.!assignm ent of the  form (7 .1 ) .  W e ,f irs t make a  choice 

of co lim it diagrams in  (B , i . e .  co n stru c t a fu nc to r

lim..UCCat , -> (S

so th a t

( i )

( i i )

lim.

R
%

( I D '— ^ ( 8 )

We th en  a u to m a tic a lly  get a fu n c to r ,  idioee o b je c t fu n c tio n  fa c -

the c o lim it diagrams fo r  R and R» a re  id e n t ic a l .

That th is  can be done fo llow s from (B)/W =  (B‘ ) Æ B « B* ,
• %  %  

and from P roposition  2.U.

,■ V::
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to r s  over 1?̂  <gl. To produce a  fu n c to r : (Bnp—̂ (8  we take  on ob

j e c t s :
a R

lim ({ID “ lim (U>----> ^ )  .

On morphisms, say
m

(R) gray.^Q - > (p) g r a y ^

(w ith  P : IF—^ (6 ) we take  (m) lin^ so th a t  th e  diagrams

(m)
limj (R)

( 7 .2 ) ino lp

-V l l^ (P )
/N

DR EP
,m

ocmmute fo r  a l l  D € llD l, w ith  as in  S ec tion  2 , That the  diagrams

(7 .5 ) determine (m) liro^ fo llow s from u n iv e r s a l i ty  of lin^ (R ), to g e th e r  

w ith (2 ,9 ) and th e  equations

in c lg  = (e)P , in c lg ;

fo r  E -» E', in  IE , F u n c to ra lity  of lim.. fo llow s s im ila r ly ,  using

(2 ,8 ) in s tea d  of ( 2 ,9 ) .  P ro p o sitio n  7 .5  i s  proved.

The fo llow ing p ro p o sitio n  i s  obvious,

PROPOSITION 7 .6 ,  L et CB^V ' 

m ents, i  = 0 , 1 , Then a fu n c to r

(HjL ^  re g u la r  c o lim it assign-

0

i s  r ig h t continuous (with resp ect to  co lim its  with indexoategories in
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CAT^) i f  and only i f  th e  follow ing diagram commutes up to  an isomorphism S 
IJ'

(H)V

(7 .6) lim .

H

. 1■xm.

We can now complete the  proof of Theorem 7 .2 ;  i t  w i l l  r e a l ly  j u s t  

be a r e p e t i t io n  in  the  2 -dim ensional case of the  fa m ilia r  c o n stru c tio n

of f re e  a lg eb ras fo r  th e  a lgebras over a monad. Let G : c f l  be

g iven , where 06 i s  r ig h t  com plete. By P roposition  7 .5 , we can put a r e 

g u la r  co ld la it assignment lim^ on (6  . We define a fu nc to r H by commu

t a t i v i t y  of the  t r ia n g le  ( i )  in

a y

By n a tu r a l i ty  o f J  and by . lim^ = , we ge t com m utativity

of ( i i ) .  To prove th a t  H i s  r ig h t  continuous, we must by P ro p o sitio n  7 ,6  

prove the ex is ten ce  of a diagram (7 ,6 ) w ith  ( 6 ,  lim^ fo r  linx and

fo r l ü ^  . But

. C 'Y , l i%  =

. (iM b .)^  « %  = ( G ^ . l lm ^ ) ^  . 11% = H - y ,  ^

Pc/̂  . H = 

,2

th e  isomorphism sign  by (7 .2 ) .  This proves H r ig h t  con tinuous. I f  a ls o  

i s  r igh t continuous and has , H' ■ G , we get
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H' = ( / ^  ) Y  . ^

“ ( G ) y  , = H ,

the  isomorphism sign  by r ig h t  c o n tin u ity  (7 .6 ) .  So a  r ig h t  continuous ex

ten s io n  of G over e x is ts  and i s  unique up to  isomorphism, and

the  theorem i s  proved.

The theorem and proof i s  im m ediately " r e la t iv iz a b le " in  th e  sense

th a t  one may c o n s tru c t a lso  the  " f re e -  catego ry  -  w ith  -  c o lim its  -  over -
U U

indexoategories -  in  -  C a t^ ,’* where Cat^ i s  any su ita b le  subcategory of
UCat , We b r ie f ly  ske tch  th is  in  th e  next s e c tio n , in  p a r t ic u la r  ex p la in  

what, we mean by " su ita b le "  in  t h i s  c o n te x t, ( I t  w i l l  o f course mean some

th in g  re la te d  to  "adm itting  a c a lcu lu s  o f p r e l im i ts ." )

8 . Submonads of " V .

J u s t  as we in  S ec tion  S constructed  no t j u s t  one p re lim it  monad T

but one T fo r  each subcategory Cat^ S Cat adm itting  a ca lcu lu s of

p re l im i ts , we can co n stru c t the  Ip  ^ r e la t iv e  to  c e r ta in  o f th ese  subcate

g o rie s .
Ü

Consider [C at^ , ç  [C at , f  j | ] . The equivalence r e la t io n  a  on

KOat , 6 ^ ] I r e s t r i c t s  to  an equivalence r e la t io n  s  on |[C at^ , .

In  t h i s  way, a f u l l  subcategory

( e ' l )  & J V

i :  :■

i s  c re a te d . I f  1 € |Cat^| , fa c to rs  through cA-lp

^ ' u  •
DEFINITION 8 .1 ,  Me say  th a t  a f u l l  subcategory Cat^ S Cat admits 

a  ca lcu ln a  of re g u la r  p re lim its  i f  jC at^l, and i f ,  whenever TD € lOat | ,
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th e  follow ing holds fo r  a l l  «4 6 ICAT^j:

R
IP ------ > Jitp  fa c to rs  through

im plies

«  I<A Y o ' -

The d e f in i t io n  says, b r i e f ly ,  th a t  must be a submonad of ' y .

The arguments of the  preceding se c tio n  imm ediately c a r r ie s  over to  

give e .g .  th a t  i s  a f re e  Cat^ complete ca tego ry  on th e  category  Jl .

The proof o f th e  fo llow ing  p ro p o sitio n  i s  obvious.

8  U
e S Cat

(th e  f u l l  subcategory of Cat c o n s is tin g  of d is c re te  0  -c a te g o rie s  of 

c a rd in a l i ty  < £ )  admits a ca lcu lu s  o f re g u la r  p re l im its j  the  correspond

ing  monad TpQ i s  isomorphic to  the  p re l im it  monad fo r  Cat^ » (1 .5 ),

In  p a r t i c u la r ,  the f r e e  category  w ith  a sso c ia tiv e  sums of c a rd in a l i ty  

< on a ca teg o ry  can be described  simply as [ .

PROPOSITION 8 ,5 . Let £ be an uncountable re g u la r  c a rd in a l . The
(E)

category  Cat ^ of c a te g o rie s  JP w ith  I ID  | an o rd in a l number of c a r 

d in a l i ty  < €  , and each 1D(D,D') a s e t  in  U o f c a r d in a l i ty  < £  , ad

m its a  ca lcu lus o f reg u la r p re l im its .

PROOF, Let T D  ^ c / Î V o  ^  be given w ith  ID £ C a t ^ \

and w ith ^ Y o  (8 ,1 ) w ith  Cat^g  ̂ fo r  C at^ . I f  we co n s tru c t

Rv) as in  D e fin itio n  5 .2 , we w ill  a r r iv e  a t  a  ca tego ry  w ith l e s s  than  Z 

o b je c ts ;  bu t we cannot c o n tro l the s iz e  o f the  horn s e t s ,  since we have

assumed nothing about the  horn s e ts  of o4 . But i t  i s  easy  to  see th a t
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RV .

R V  -----— ~^(Jh stands in  th e  r e la t io n  r= to  the  follow ing fu n c to r

where \RV.\  = |R v | , and whose s tru c tu re  as a ca teg o ry  i s  th e  f re e  c a te 

gory on the graph having as edges symbols of the  form ( i )  and ( i i )

U (® )* ]
( i )  Xj) ^ ^ ' d '

d Y
fo r  D  >D' in  TP and *(dR)^ = (%Dr - ^ M ' r )  e  ( C ^ , D ' r )  as

in  S ection  2j
[ (x)Dr]

( i i )  S ------------------

fo r  X Î X— >X' in  Dr.

This graph has le s s  th an  6  edges. Since C was uncountable, we 

get th e  same bound on th e  s iz e  of the  horn s e ts  in  th e  f re e  ca teg o ry  on the 

g raph , and th e  P ro p o sitio n  i s  proved.

By p u ttin g  a w ell ordering  on the ham s e ts  of the  f r e e  category  con

s tru c te d , one ob ta in s an (2? -ca teg o ry  isomorphic to  R'V, and th e re fo re
(g)

a lso  =  to  i t .  So the  P ro p o sitio n  a lso  holds tru e  i f  we read Cat ^ as 

the  ca tegory  of 0  -c a te g o rie s  w ith the same c a rd in a l i ty  l im ita t io n s ,

9. A lgebras fo r  th e  monad

We prove here th a t  an a lg eb ra  fo r  the  monad V  i s  au to m atica lly  

a  c o lim it a lg e b ra ,
U

Let Gat c  Gat Q Cat be a subcategory adm itting  a ca lcu lu s  ofo -
p re lim its  and of re g u la r  p re lim its  (D efin itio n ^  1 .5 .1  and 8 .1 ) ,  Thus we 

g e t th e  monads corresponding to  Gat^s
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and T , ^ ,  j i ,

and a morphism of monads

: cÂ T - ^ c/ J V s

given by D e fin itio n  5«1« The monads and ^  a re  fix ed  in  th is  s e c t io n . 

I f  R e Ic/J-TI 5 we s h a l l  as u sua l o ften  w rite  { r }  fo r  (R ) 'y ^  .

THEOREM 9 ,1 , Let be a s tru c tu re  fo r  the monad

i . e .

5 ^  . 5  -  M d - f
( 9 .1 )

f  '  y

Then cÆt —— —> J\ ^ — ^  i s  a  c o lim it assignm ent ( r e la t iv e

to  C a t^ ).

PROOF, We produce a  tran sfo rm ation

> I " .

(we s h a l l  no t need n a tu ra l i ty )  5 each in stance

( R ) % — ^  

w il l  be o f th e  form ( i ) X ^  j where

i s  a morphism in  c/?-T

I D  -------------------->  1

R
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w ith  ip  : DR- 

morphism

(9 .2)

in  tu rn  given as th e  value of ^  a t  the

1 ----------i i — ^  ID

in  The morphism (9 .2 ) we denote (D-R). To see th a t  i  i s  n a tu ra l ,

note th a t  fo r  d : D— a morphism in  ID , the  diagram

m

( 9 .2 ) dR

n»R

i s  the  v a lu e  of ^  a t  th e  diagram in  c/̂  T

^DR (D -R)

( 9 .4 ) ■[dR]

In  g e n era l, ( 9 .4 )  i s  not commutative in  c / t ,  but of i t  i s  e a s i ly

seen to  be commutative in  The com m utativity of (9 ,2) then  fo llo w s.

To prove th a t  ^  i s  a  c o lim it assignm ent, l e t  R ; ID — J l

be an ob ject in  c^T . We must show th a t  the  morphisms in  iA

iu  = (D-R) Î DR— ->*(r} J ,

D £  IIDI, form a c o lim it  diagram  fo r  R . C om m utativ ity o f th e  diagram a (9.2)

' i
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i s  proved a lread y . Next assume th a t

IP -------

(9 .5 ) R

> 1

i s  g iven . We must f in d  a unique

'■oa

with

(9 .6 ) i g . f 00 = fr. VDerB>l,D

The existen ce of such an f  ̂  i s  easy: sim ply take ^ on th e  mor

phism (9 .5 ) in  (JIt , To prove uniqueness, l e t  f^^ s a t i s f y  (9 .6 ) .  This 

means th a t  we have a commutative diagram in  c^T

i
R ^ fr

€
[ f * ,]

Apply  ̂ to  th is  diagram and get

{ H i

f,0»

I f  we can prove the top arrow to  be , uniqueness of is  imme-
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d ia te .  Consider th e  morphism in  </h^T

R' = (R) \  = 7

given by

N a tu ra lity  of ^  fo llow s again  from com m utativity of of the  d ia 

grams (9 ,U ). I t  i s  now easy to  see th a t

• I V  '  y  '  y  '

and so by (9 ,1 )

(9 ,7 ) • I  “ ( ^  ) ^c4 V  ' ‘ ^  *
But ( A )  i s  e a s i ly  seen using  th e  d e f in i

t io n  (5 ,5) o f jÛyj. *s v a lu e  on a morphism, (In  (5 .5 ) , ^m^ can now be chosen 

to  be A g = (D-R)'îS^ , and ^(^m^)^ can be chosen to  be ; DR— >DR,)

So (9 ,7 ) must be the  id e n t i ty  morphism, and th e  theorem fo llo w s.

The theorem proved can be expressed: The concept of a category  -  w ith  -  

reg u la r  -  c o lim it -  s tru c tu re  ( r e la t iv e  to  Cat^) i s  monadic or d o c tr in a l
u '

over CAT^. This i s  th e  term inology of Beck and Lawvere, A sp e c ia l case of 

the  theorem was proved by them, namely: The concept of category  -  w ith  -  

chosen i n i t i a l  -  ob jec t i s  d o c tr in a l .  I t  appears here by tak ing  Gat^ 

to  c o n s is t  of d is c re te  ^  -ca teg o rie s  ID w ith  |ü )| » 0 or = 1 ,



CHAPTER III

ASSOCIATIVITIES ARISING FROM S

1 , A g en era l co n s tru c tio n  o f re g u la r  a s so c ia tiv e  c o l tm its .

I t  i s  w ell known [ 7 ] th a t  coequa lize rs  and sums in  a category  su ff ic e  

to  c o n s tru c t a r b i t r a r y  c o l im its . There i s  a simple co n d itio n  which w i l l  

Insure  t h a t  the  co nstruc ted  c o lim its  form a reg u la r  c o lim it s t ru c tu re  (in  

p a r t i c u la r ,  the  c o lim it form ation  w il l  be a s s o c ia t iv e ) .

Let 2  be a re g u la r  uncountable c a rd in a l ,  and l e t  be th e  sub

monad corresponding to  Cat^^ \  ( I I ,  S ection  8 .)

Assume th a t  a  ca tego ry  ( 8  has a s so c ia t iv e  sums of c a rd in a l i ty  < ç. 

s a t is fy in g  X « X , a  f u l l  choice of q u o tie n t o b je c ts ,  and th a t  co

e q u a liz e rs  e x i s t .  F u rth e r assume th a t  i f  q^ : A^ > a re  chosen quo

t i e n t s  fo r  a l l  X  (  X, X < € ,  then

i i  A , B ,
X X

lim^
i s  a  chosen q u o tie n t .  In  t h i s  case  we can co n s tru c t a  fu n c to r  * (B

which tu rn s  (B in to  a  re g u la r  c o lim it a lg eb ra  r e la t iv e  to

Let ID — —> (Q re p re se n t an o b je c t in  ( S ^ q ,  Gat ^ \  Form the 

usual co eq u a lize r diagram , q^ being th e  chosen q u o tien t in  th e  c la s s  d e te r 

mined by th e  co eq u a lize r;

_LL J J _  I I - DRZZ^ZlJ J_L DR ^ ^ ^ im  (R) j
D € l O > l  D ' e l l D l  D X D , D ' )  f i  D 6 . I 1 D 1

incl^j , incljQ, . _ —> pi • ^ i
in c l^  i

(d R ).in c l^ , i

81
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4^ denote chosen q u o tie n t morphisms. ) S t r i c t l y ,(H enceforth, arrows - 

th e  index s e t  g)(D,D' ) in  the  l e f t  hand sum i s  no t in  ^  ; th e  sum s h a l l  

th en  ju s t  mean some sum w ith  th a t  index s e t .  Denote by in^ th e  composite

DR
xncl^ -> JJL DR

D € ITDI
V>lim (R) .

These In^ form a c o lim it diagram fo r  R, as i s  w ell known. I t  i s  e a s i ly  

seen th a t  ^  (R) and the  i iy  do no t depend on th e  choice of R ( ^R^

6  |(P)Vol’ On morphisms, say  m : {R}— l i m i s  given the  value  

(m)lim determined by com m utativity o f the  diagrams

injj

-iK
Dm

DR

E P -

4-lim  (R) 

(m)lit^

4 lim  (P)

n o ta tio n  as in  I I . 2,

We can then  e a s i ly  show th a t  lim  i s  a s tru c tu re  fo r  the  monad 

The u n it  law obviously  h o ld s , So we j u s t  have to  prove th a t  the  n a tu ra l 

isomorphism constucted  in  P roposition  I I . 2 .U i s  the  id e n t i ty .  The isomor

phism i s  given by com m utativity of the  t r ia n g le  ( i )  below fo r  a l l  X, D j 

hence th e  outer diagram commutes ;

1 ^  (R . 1% ) -------------------
' \ i r i j j

ILlim '̂CDR) < lim (̂m)
xncIj)

‘Id
XDR

X 6 1DË1 

^  incl-n

. Dé
JJ. JLL xde
é P  X € lDgl

XDR
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AU morphisms which come as chosen q u o tie n ts  by d e f in i t io n ,  a re  marked — » .  

But now by assum ption, j l q ^  i s  a  chosen q u o tie n t mapping. Since 

q u o tie n ts  are  s ta b le  under com position, th e  diagram i s  o f the form

A/ ■V

This im plies th a t  the  isomorphism i s  an id e n t i ty .

An unp leasan t d e fe c t of the  p re se n t work i s  th a t  we have been unable 

to  show th a t  every  category  w ith  c o lim its  i s  equ iva len t to  a ca tegory  w ith 

a re g u la r  a sso c ia tiv e  co lim it s t r u c tu r e ,  Benabou has a c o n s tru c tio n  which 

out of a m u lt ip lic a tiv e  category  produces a  s t r i c t l y  a sso c ia tiv e  m u lt ip l i 

ca tiv e  ca teg o ry . Lawvere has po in ted  out to  th e  author th a t  the  method 

can be app lied  here to  m anufacture a sso c ia tiv e  sums.

THEOREM 1 .1 . Let be a ca tegory  w ith  chosen sum diagrams fo r  index 

s e ts  o f c a rd in a l i ty  where i t  i s  a re g u la r  c a rd in a l . Then c/l i s  

a ie n t  to  a ca tegory  JL w ith a sso c ia tiv e  sums of c a rd in a l i ty  le s s  th an  

i . e .  (Jl can be equipped w ith  a s tru c tu re  fo r  th e  monad T, ^  defined  

in  1 . 5  (w ith  re sp e c t to  Cat^ = th e  category  of d is c re te  = (f? - c a te 

g o ries  o f c a rd in a l i ty  < X ) .  ■

PROOF. The choice of sums in  Jl d e fin es  a func to r

c^T = [  4 JL .
Define J l by

\ J l \  = l«yî-Tl , 

J k R ,? ) -  C ^ ( ( R ) 2 , ( P ) Z )
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w ith com position in  J l  defined by means of composition in  t/  ̂ . We s h a l l  

define  a  s tru c tu re

— ^ cA  .

The o b jec t mapping of J  i s  defined  by I J I  = j t h i s  makes sense ,

since lt/)-| = Ic/I-tI , and fo r  a l l  ca tego ries  (B

IÆ t I = Iî I t I .

W riting th is  d e f in i t io n  of [ J j  out in  term s of elem ents, i t  w i l l  be ob

vious how to  define  ^  on morphismsj and the  proof of ^ T  .

i s  e s s e n t ia l ly  the  same as the  proof of a s s o c ia t iv i ty  o f ^  (and i s  any

way sim p le , since  a l l  indexcategories are  d is c r e te ) .

2 , F in i te  l e f t  l im its  in

L et Aq,  . . .  , A^_^ be o rd in a l numbers (n f i n i t e ) .  Then the  s e t  

th e o re tic  product

(2.1) X  Ai
i  6  n

can be w ell ordered by means of the  orderings of the  A ^ 's : namely by the

lex icograph ic  o rdering . We can a lso  w ell order i t  a n tile x ic o g ra p h ic a lly ,

i . e .  lex ic o g ra p h ic a lly  from the  r i g h t . This i s  the  t r a d i t io n a l  w ell o rdering

of a product of o rd in a l n ^ b e r s ,  and i t  w il l  become c le a r  in  th e  next se c tio n

th a t  i t  i s  b e t t e r .  So l e t  TT A., denote th e  unique o rd in a l number of
i €  n

order type (2 .1 ) ordered le x ic o g ra p h ic a lly  from th e  r ig h t ,  ajad l e t  de

note the (unique) order isomorphism

T T A , - ^ X A i .  
i  € n i  6  n

Composing w itl^ th e  p. p ro je c tio n  mappings, we g e t n ..n^orphisms in
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-î-T  p ro j.M Ai  M  Ai ,
i  e  n

i  ^  n , and i t  i s  c le a r  th a t  th ey  c o n s titu te  , I 1 A. as th e  c a te g o r ic a l
• 1  € n 1

product (d isc re te  ( l e f t )  l im it)  o f th e  A i 's .  The fo llow ing morphisms, 

n a tu ra l  in  the  A y 's , a re  e a s i ly  seen  to  be o rder p reserv ing  isomorphisms,

i . e .  i d e n t i t i e s ,  fo r  X and f i n i t e  o rd in a ls :

(2 : 2 ,
1

( 2 . 5 )  r r  T T  f A  — — >  1 I  A
x s x  I .

ybc € J-L
xçX

e given by

( 2 . 1*) e . p ro jy  = p ro j^  . projy .

This says th a t  ^  has f i n i t e ,  a s so c ia tiv e  products TT or th a t  

has f i n i t e  a s so c ia tiv e  sums. Furtherm ore, in  1 .6  we constructed  a  f u l l  

choice of subob jects on &  , i . e .  a f u l l  choice of q u o tie n t o b jec ts  on 

0 ° ^ ^ .  We can now apply  the  technique of S ection  1 to  to

c o n s tru c t a l l  f i n i t e  c o lim its  in  I t  w i l l  be a re g u la r  c o lim it so

s tru c tu re

^  the  submonad ( I I . 8 ) corresponding to  Cat^ Q C at, 0  -c a te g o rie s  

w ith f i n i t e  o b jec t s e t .  We of course in te r p r e t  as an a sso c ia tiv e  ( l e f t )  

l im it  s tru c tu re  on 0  .

I t  i s  e a s i ly  seen th a t  th e  products d is t r ib u te  from th e  l e f t  over co- 

IdM te  in  S ,  e .g .

.  ( . . , 4 , , , .  y  y  , ;

' ' ,• : , :  ( !.. ,(
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the  e q u a l i ty  being the usual n a tu ra l  d i s t r ib u t iv i ty  isomorphism. The c o rre 

sponding d i s t r ib u t iv i t y  -  from -  the -  r ig h t  holds only up to  isomorphism. 

But th is  must be so . For

PROPOSITION 5 ,1 . Let ^  be a category  che U-Ens w ith  sum + and 

product . Then the  two n a tu ra l  d i s t r ib u t iv i ty  isomorphisms

(AxB)+(AxC) ------ — >Ax(B+C)

(B*A)+(CxA) (b+C>A

cannot bo th  have a l l  th e i r  in s tan c es  to  be id e n t i t i e s .

PROOF. Consider (A+B)x(C+D). Then by the  d e f in i t io n  of the  d i s t r i b 

u t iv i t y  isomorphisms 'X and yO , one gets a commutative diagram

(Ax G + AxD) + (BxQ + B^D)

(A X (G+D)) + (B X(G+D)

i f
(A+B) x(C+D)

incl-i . in c l -  ((A+B) x G) + ( (A+B) * D)

(AxG + B*G) + (A%D ■+ BxD) .

But now pu t A *  B = G =  D f O . I f  the  v e r t i c a l  maps were a l l  

i d e n t i t i e s ,  th e  images of the two maps IjicI q. in c l^  and in c l^  . in c lg  

would be non -  d i s jo in t .  But in  E ^  U-Ens, t h i s  i s  f a l s e .

5 . Golimits in  module c a te g o r ie s .

For an a rb i t r a ry  r in g  A , we p u t a re g u la r  c o lim it s t ru c tu re  on a

in c lQ .in c l^
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category  equ iva len t to  the ca teg o ry  of a l l  A  -modules in  U.

We use same n o ta tio n  fo r  a module and i t s  underly ing  s e t .

DEFINITION 5 .1 .  Let be the  ca tegory  of a l l  those l e f t  A  -
modules A, where A t  | § (  and th e  zero element of A i s  the  f i r s t  element 

in  A, i . e .  th e  o rd in a l ntmber 0 .

THEOREM 5 ,2 . For any r in g  A  , ^  can be equipped w ith a  re g u la r  

c o lim it s tru c tu re

(ftW )V

PROOF. We s h a l l  c o n s tru c t sp e c if ic  sums and q u o tie n t ob jec ts  and use 

S ection  1 , F i r s t ,  s in ce  an epimorphism in  th e  category  of modules a ls o  i s  

an epimorphism in  th e  category  o f s e t s ,  we take  th e  chosen q u o tie n t mor

phisms of to  be those epimorphisms which considered as mappings

in  S  a re  -chosen q u o tie n t morphisms.

The more d e lic a te  th in g  i s  th e  c o n stru c tio n  of sums. To do t h i s ,  we 

need t r a n s f in i t e  products o f o rd in a l numbers (S ie rp in sk i [ 9 ] ,  XIV ^17)»  

g e n e ra liz in g  th e  p roduct of S ec tion  2.

Let A^ be an X -indexed fam ily  o f o rd in a l numbers, idiere X i s  

an o rd in a l number. L et ^

( Î . 1 ) ^  4c
X e  X

denote th e  s e t  o f a l l  X -sequences of o rd in a l numbers s a t is fy in g

( i )  (x )f  €  A^ fo r  a l l  x t  X

( i i )  (x ) f  + 0  f o r  a t  most f i n i t e l y  many x .

The s e t  i s  ordered lex ic o g ra p h ic a lly  from the  r i g h t ,  i . e . ;  f  < g i f f
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x ^ f  <  x^g where x^ 6  X i s  the  la rg e s t  element where f  and g have 

d if fe re n t  v a lu e s . (A la rg e s t  one e x is ts  because of cond ition  ( i i ) . )  I t  

i s  now w e ll known th a t  (5 .1 ) i s  w e ll ordered by <C . (The proof of [ 9 ] ,

XIV ^ 1 5 , c a r r ie s  over to  our case where the  may be d i f f e r e n t ,  sim ply

by rep la c in g  th e  A ^'s by a common upper bound K, and ge t (5 *1 ) as a sub-
>■ X

s e t  of what S ie rp in sk i c a l l s  K .)

For each x  6  X, l e t  

be given by

( x ' ) ( a ) i ^

Let th e  o rd in a l number corresponding to  th e  w ell ordered s e t  (5*1)

be denoted by Ax » l e t  th e  unique order isomorphism be oC •
x£X

l e t  in c l^  denote th e  composite

■ ei n c L  ; A —> A^   A_ .
X e  X ’ X e  X

Suppose now th a t  each A^ i s  in  ^  } so i t  i s  equipped w ith  a  A -

module s tru c tu re  + and ^  • fo r  a l l  A  , We can put a A -moduleX X
s tru c tu re  on A^ by p u ttin g

x€X

(x ) ( f  + g) = (x )f  (x)g J

s im ila r ly  fo r  s c a la r  m u lt ip lic a t io n . Then w ith  t h i s ,  Q y  Ag ; i s  in
x e x  ^

and each in c l^  i s  a morphism in  j^/Y l, Furtherm ore, i t  i s  c le a r  th a t

what we have constructed  i s  no th ing  bu t a u su a l c a te g o r ic a l  sum of modules, 

• We must show a s s o c ia t iv i ty  of the  sum, i . e .  th a t  th e  canon ica l is o 

morphisms

' t
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(5 .2 ) A  ©  A

and

(5 .5 ) ©  ©  A
, S - ^  X X C X y 6  -̂ x

a re  i d e n t i t i e s ,  i . e .  order p reserv ing  isomorphisms. Here 6  i s  given by

in c l  , B = in c l^  . ih c l  .
^x y

I t  i s  w e ll known to  be an Isomorphism; i t s  inverse  i s  in  f a c t  nothing bu t 

an ap p ro p ria te  g e n e ra liza tio n , of ( 2 .U ): rep lace  the  signs TT by 

and note th a t  (2 .U) makes sense i f  we l e t  p ro j^  mean th e  composite

©  Ai 0  C  X  A ■ > A^ ,
i  g I  l Ê i  i e i

where I  i s  an o rd in a l number and A^ i s  j u s t  the  ( in f in i t e )  s e t
16 1

th e o re tic  product of the  I  -indexed fam ily  A^, But i t  i s  easy to  prove 

th a t  e in  (2 .5 )J re in te rp re te d  in  th is  way, i s  o rderp reserv ing . I t  follow s 

th a t  (5 .5 ) i s  o rderp rese rv ing . This e s ta b lish e s  u n it  and a sso c ia tiv e  laws 

f o r  the sum in

To app ly  the c o n s tru c tio n  of S ection  1 , we have to  prove th a t  i f  

^x ‘ Ax”~^®x ^ chosen q u o tien t in  fo r  a l l  x é X, then  so i s

(5.U) ^  ^
X 6  X X Ç X .

L et fg  <  f^  be elements in  0 ^ .  Define g^ 6  ® A ^  by

X ^  m in (q ^  ^ ( x f ^ ) )  €

i  = 0 , 1 . C lea rly
Î
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(5 .5) g i  = m i n ( ( 0 q ^ )  ^(f^^)) .

Let X € X be th e  l a s t  elem ent idiere the  f ^ ‘s d i f f e r . Then x f^  -c x f^  . 

But

xf^  < x f^  min(q%."^(xfg) ) <  min(q^”^ (x f i ) )  ,

s ince  i s  a chosen q u o tie n t . This says th a t

xgg <  X6 i  .

But c le a r ly  x  i s  the  l a s t  element where + g^ ; so gg <  g ^ , Thiô- and

(5 . 5 ) shows th a t  (5 .U) i s  a chosen q u o tie n t .

Now S ection  1 a p p lie s , and th e  theorem i s  proved.

Note th a t  th e  proof depended h e av ily  on the  p e c u lia r  p ro p e r t ie s  of

the  c a te g o r ic a l sum in  module c a te g o r ie s . So i t  cannot be c a r r ie d  over to

th e  category  of (non a b e lia h )  groups, say .

L, Tensorproducts over commutative r in g s .
( A )

Let A  be a commutative r in g .  We show here th a t  the  ca tegory  

of A  -modules in  adm its an a sso c ia tiv e  ten so rp ro d u c t. The p roof 

would a lso  apply  to  the  subcategory S  ^   ̂  ̂ considered in

S ec tion  5. \  .

We may assume th a t  th e  underlying s e t  of A i s  in  0 ,  and th a t  the

zero  of the r in g  i s  the  number 0 , and th a t  the u n it  of the  r in g  i s  the, num

ber 1 . This i s  n o t j u s t  fo r  n o ta tio n a l convenience.

We f i r s t  co n s tru c t a monad F in  S  , assign ing  to  A (th e 'u n d e r

ly in g  of) the  f re e  A  -module on A. Fuÿ

C '
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AF = © A  ;
A

A  AF

i s  given by ( a ' ) ( a ) / y ^  = ^ ( a , a « )  , a ,  a '  E A. By the  l a s t  S ec tio n , AF

c a r r ie s  a canon ica l A  -module s t r u c tu r e .  So we d o n ' t  have to  describe 

f u r th e r .  F u n c to ra lity  of F in  A fo llow s from th e  f a c t  th a t  A  

i s  a c a te g o r ic a l sum in  w ith  index s e t  A.

I f  A and B are  A -modules, i t  i s  w ell known th a t  A ® B can 

be constructed  as a q u o tie n t module of the  fre e  A -module on the  s e t  

A X B. L e ttin g  x denote the b in ary  v e rs io n  of the  products introduced 

on 0  in  S ec tion  2, we can thus com pletely describe  a s p e c if ic  construc

t io n  of tenso rp roducts in  by req u ir in g  A® B to  be th e  chosen

q u o tie n t of (A x B)F

( i i . l )  (A X B)F — »  A ® B ,

A, B £ 8 ^ ^ ' ^  .

THEOREM l ; . l .  The tensorproduct described by (U ,l) i s  a s so c ia t iv e .

U nfortunate ly , the  tensorproduct has no s t r i c t  u n i ts .

PROOF of th e  theorem . We compare (A ® B) ® G and A S> (B ® C) w ith 

A ® B ® 0 (defined as the  c o r re c t ,  chosen q u o tien t of (A x B y- C)F 

and show th a t  the  n a tu ra l  isomorphisms a re  in  both cases i d e n t i t i e s .  Con

s id e r  th e  diagram
qi

(A ® B) ® G ......> ( (A® B) X G)F
A

A /

h* t
( h . 2 )  k R

V_  q
A ® B : ± _ :  (a x b x c)f ,
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where q and q* a re  the  chosen q u o tie n t mappings, h and h ' l e f t  in 

ve rses  -  w ith -  minimal -  va lues fo r  q and q ' re s p e c tiv e ly  (which d e te r 

mines h and h ' u n iq u e ly ), and where f i n a l ly  S and R a re  constructed

as fo llo w sÎ S i s  (s )F , where s i s

Y X c q X G
s : A X B X G  > (A x B)F X G --------- > (A ® B) x C ;

q i s  the  chosen q u o tie n t mapping d e fin in g  A ® B; 8  i s  a  A  -module 

homomorphism. And R i s  th e  A  -module homomorphism determined by the 

s e t  mapping r

h X c p
(U,5) r  : (A »  B) X C ------------- ^  (A x B)F x 0 — ^  (A x B x G)F ,

where h i s  the  minimal l e f t  inverse, fo r  q : (A x B)F— >A ®B and p

i s  given by
f  c( f , c )  ( ( a , b , c> )  ^  ( a ,b ) f  • 6 ( c , c ' ) ) ,

f  : A X B —?A  an element in  (A x  B)F .

Then i t  i s  e a s i ly  seen th a t

S . q ’ = q , k

R . q , k * q ‘

In  p a r t i c u la r ,  f o r  f  £ (A x B x g)F ,

i k . k )  ' (f)SR =  f  ,

where ™ i s  the congruence r e la t io n  d e fin in g  q ,

LEMMA h»2. We have h . 8  = k „ h ' .
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PROOF, Define fo r  f  Ç ZF the support of f ,  su p p (f) , to  be the s e t  

Z* e  Z where f  g Z —> A  tak es non zero v a lu e s . We need a sublemma:

T.F.MMA h .5 . Let i  £ (Ax B x G)F be in  th e  image of h , and l e t  (a ,b ,c )

Ç supp( £ ) ,  Then (a,b)/y G (A x B)F i s  in  the  image of K : A® B ------ >

—>(A X B)F , h as in  ( li,5 ) .

PROOF. Let g =  (a,b)/y w ith  g th e  minimal elem ent in  (A x b)F

having th is  p ro p e rty . I t  s u f f ic e s  to  prove g » (a^b)/?^ . Suppose

g <  ( a , b ) ^ .  Then by d e f in i t io n

S.R
(U.5 ) ( a ,b ,c ) ^  (g ,c)/c 4 (a ,b ,c )^ f

s ince  p  f o r  fix ed  c i s  1 - 1 . S ince 1  6  A i s  the  sm a lle s t non zero 

element in  A  , we get ( a» ,b ‘ ) ç  supp(g) ( a ' , b> )  <  (a ,b )  , and so

a lso

i k , 6 )  ( a ' , b ' , c « )  Ç supp((g ,c)yo) ( a ' , b * , c O  <  ( a ,b ,c )  .

I
By (U.h) and (i|.,5) we get on the o th er hand

^  °

Then i f  ( a , b , c) j^  = n .

(U.7 ) I  ~  I  ̂  (a,b,c)/l^ ,n  + (g ,c ) ^  ,n = / '

and b  i s  l ik e  i  fo r  ( a ' , b » , c ' )  >  (a ,b ,c )  bu t has value  0 on

( a ,b , c )  by (L. 6 ) .  So f  ^  I  , i ,  c o n tra d ic tin g  th e  assumption

th a t  /  was in  the  image of h and thus minimal in  i t s  c la s s .

We can now re tu rn  to | th e  p ro o f o f Lemma U ,2 ,  I t  s u ffic e s  to  prove th a t
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i f  /  i s  in  th e  image o f h , then { £ ) S  i s  in  th e  image o f h ' . Suppose 

t h i s  were n o t so ; then th e re  would e x is t  a  t  t  ( (A® B) x C)F w ith

(U.8 ) t  =  ( / ) S

(U.9) t  <  ( / ) S  .

The support o f S c o n s is ts  e n t i r e ly  o f elements o f th e  form ( ( a , b ) / y q ,  c ) ,  

so by (U.9) th e  l a s t  p o in t o f d iffe ren c e  between t  and ( /  )S i s  of 

t h i s  form, say  th a t  one d isp lay ed . Let r  be l ik e  t  on elem ents ^  

( ( a , b ) / y q ,  c ) ,  and 0 e lsew here . So supp r  ç  supp £  , and th e re fo re  

one e a s i ly  g e ts ,  using Lemma h .5 , t h a t  th e  l a s t  d iffe ren c e  between (r)S

and /  i s  ( a , b , c ) ,  and on th a t ,  /  i s  b ig g e r. Consider nex t t  -  r  ; we

show

(U .lo ) ( a ' , b ' , c ‘ ) €  supp ( ( t  -  r )R)  ( a ' , b » , c ' )  <  ( a ,b ,c )  ,

F o r, the  co n d itio n  im plies th e  ex is tence  of an f  €. A <8> B so th a t

(U .l l )  ( f , c ' ) € supp ( t  -  r )  and ( a» ,b ' )  € supp( ( f )h)  ,

But we constructed  t  -  r  so th a t

( f , c«)  € supp ( t  -  r )  ( f , C )  <  ( ( a , b ) ^ q ,  c)  .

I f  c '  <  c , the  conclusion  of (U .lo ) au to m atica lly  h o ld s . I f  c ' * c , 

f  <  ( a , b ) / ÿq  , which im plies

( f )h  <  (a,b)4^qh » ( a , b ) / y  ,

th e  l a s t  e q u a lity  sign  ag a in  because o f Lemma U .5. Since 1 é  A  i s  the

sm a lle s t non zero  elem ent, we conclude th a t  the  supporting  elem ents o f
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( f ) h  a re  sm aller than ( a , b ) j  th is  then  holds in  p a r t ic u la r  fo r  ( a ' , b ' )  

by (U . l l ) .  So we have proved (U. lo) .  Since t  laaifger va lue  on ( a , b , c )  

than  (r)R has, and same value on la rg e r  t r i p l e s ,  we conclude by (U .lo) 

th a t  (t)R = ( t  -  r)R + (r)R < On the  o ther hand by (U.8 ) ,  X.t)R'

( t )R =  ( /  )SR =  /  .

This co n tra d ic ts  the  m in im ality  of /  and proves Lemma U . 2 .

LEMMA U.U. The mapping h .  S i s  o rd erp rese rv in g .

PROOF. This i s  an easy consequence of Lemma U , 5 .

I t  i s  now easy  to  use the  Lemmas U . 2  and U.U to  prove th a t  k  in  

( U . 2 )  i s  o rderp rese rv ing , hence the  id e n t i ty .  The proof th a t  the o ther 

isomorphism A ® B ® G  > A ® (B ® C) i s  likew ise the  id e n t i ty ,  i s  sim i

l a r  (we have no t used th a t  A x B % G was ordered lex ic o g ra p h ic a lly  frou  

the  r ig h t  in  an e s s e n t ia l  way). This then proves the  theorem,

5. A ssocia tive  com position of p ro fu n c to rs .

We s h a l l  r e c a l l  Benabou's d e f in i tio n  of p ro functors and th e i r  compo

s i t i o n .  We r e s t r i c t  to  p ro functo rs r e la t iv e  to  the ca teg o rie s  Gat and 

of Chapter I .  I t  w i l l  be f a i r l y  obvious th a t  the d e f in i t io n  we give 

i s  equ iva len t to  Benabou' s ,

Note f i r s t  th a t  since Gat i s  'b ased ' on S ,  th e re  i s  an obvious 

f u l l  choice of subobjects in  Gat.  A chosen subobject w i l l  be denoted >—  

Let %  denote the  category  w ith  121 = 2 ,  2 (0 ,1 )  = 1, 2(1^0)  = 0, 

and 2 ( i , i )  = 1  f o r  i  = 0 , 1 .

DEFINITION 5 .1 . Let A , B €lCatl „>A profunotor R : i s  a
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catego ry  Ë tlc a tl, to g e th er w ith  a fu n c to r R : R — ^ 2  , so th a t  the  two

diagrams ( i )  and ( i i )  i n

A  >— -> R B

R
( i ) ( i i )

>
1  < -T -  1

:"6 r e  meet (p u ll  back) diagram s.

We s h a l l  u su a lly  emit i  and j  from the n o ta tio n .

I f  S Î B —•->C i s  ano ther p ro f une t o r ,  we d efin e  th e  composite 

p ro functo r

R * S : /A  —I—̂ CC

as fo llo w s. C onstruct a comeet diagram * in  Cat (which one i s  described  

below) .

A .

R

C

and take R * 8  t o  be the  f u l l  subcategory generated by the  images of 

i . k  and j  . jl . I t  w i l l  be c le a r  from the d e sc r ip tio n  of R- 8  below th a t  

the  images of i . k  and j . i  a re  d is jo in t  and th a t  no mprphisms go from 

th e  l a t t e r  to  the  fo rm er, wherefore a fu h ç to r  i s  d e fin ed .

The category  R-S i s  described  by

Ir3 |  .  W  *l$l ♦ Id

- r *,b) :

w e

ï ï i ; î S ï
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(R::s)(B]^,Cg) = §’(B ,c)

and (R ^)(A q,C 2 ) th e  chosen q u o tie n t of th e  ( le x ico g ra p h ic a lly  ordered) 

s e t  of t r ip l e s  (m,B,n) w ith  m € R(A,B), n 6 S(B,C), under the
A

equivalence r e la t io n

(m,B,n) ^  ( m ' , B ' , n ' )  

i f  th e re  e x is ts  b : B— >B' in  (B so th a t  both  the  diagrams

m

m

B

V
B'

B

b C

\X
B>

commute (in  R and S, r e s p e c t iv e ly ) .

Composition in  R-S i s  obvious.

Note th a t  composition o f p ro functo rs  i s  expressed e n t i r e ly  in  terms 

of c e r ta in  f i n i t e  l im its  and co lim its  (c e r ta in  meets and comeats in  Cat) .

We can now show th a t  the  craaposition described  i s  a s s o c ia t iv e , The 

method i s  ve ry  much the  same as in  Section  U. Let a th i r d  p ro functo r T : 

C —4->ir> be given. We s h a l l  compare (R*S)*T and R*(S-ît-T) w ith an ob

vious R*S*Tj having (R-*S*T)(A,D) the chosen q u o tie n t of the  s e t  

of qu in tup les

(5 .1) (m,B,n,C,a)

where
m __ n

A  ^ B in  H Î B  ------> C in  8

cr
■^D in  T ,

;
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r , s , t ’

Again we use lex icograph ic  o rdering  fo r  ^ . One may now fin d  a  coirami-

ta t iv e  diagram

(5.2)

R*(S*T) «-------

t  t
R,S,T

R#S*T « --------------------- ,

t  given by sending (5 , 1 ) to

(m ,B ,-|(n ,C ,c r)y ) ,

I t  i s  then  e a s i ly  seen th a t  t  i s  a chosen q u o tie n t. So (5.2)  gives th a t  

a i s  the  id e n t i ty .  The o ther id e n t i ty  (R*S)*T = R*S*T comes by the

same method.

S -Vi:'
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