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Motivation

Directed graphs with signed edges model biological networks, where nodes represent biological enti-
ties and signed directed edges capture activation or inhibition. Multiplying signs along paths reveals
indirect effects, and loops define feedback—crucial for system behavior—with often positive loops driv-
ing switch-like transitions, and negative loops promoting homeostasis.

Let us consider the following pair of regulatory interactions within a cell, which are crucial for DNA
synthesis.

CycE CycE —— p27

e e

F2F — % CycA ——5 DNA synthesis CycA

Observe that there are no feedback loops present in each of them. However, when we compose them
along the common nodes viz. proteins Cyck, CycA, Cdh1 and CycB, we obtain feedback loops, which
were absent before, as is evident from the diagram below.

CycE — p27
=
F2F — % CycA —— DNA synthesis
+ - _
Emil y Cdhl CycB
\\/

Note that in the above diagram, every directed loop is composed of mixed colors (red and blue), and
there is not a single monochromatic directed cycle present. We call these new feedback loops emer-
gent feedback loops, which are expected to give rise to new emergent behaviour in the combined system
of networks.

Question: How to formalize the notion of emergent feedback loops?

We approach the question in two different ways:

(1) Monoid-grading of the free category generated by a graph.
(2) Developing graph homology with coefficients in a commutative monoid.

Monoid-grading of the free category generated by a graph

Let Gph be the category of graphs which is equivalent to the functor category Set®, where G is the
category freely generated by two parallel morphisms e = wv. Explicitly, objects of Gph are tuples
G = (s,t: E — V) called graphs which consists of a set of vertices V and a set of edges E together
with a sourcemap s: £ — V and atargetmap t: £ — V. Let disc: Set — Gph be the functor which
takes a set S to the unique discrete graph with vertex set S and no edges.

Suppose X and Y are graphs whose intersection X NY is a discrete graph disc(B) for a set B (as
in the case of the example illustrated above). Let o: disc(B) — X and i: disc(B) — Y be a pair of
homomorphism of graphs which picks out the common vertices along which X and Y intersect. Now,
define X UY = X +, 4ise(B),i ¥

Example: If X is the red graph, Y is the blue graph, and if B := {1,2, 3,4},

o: disc(B) —» X, 1 CycE,2 — CycA,3+— Cdhl,4 — CycB
and

i disc(B) = Y, 1— CycE,2 — CycA,3 — Cdhl,4 — CycB,

then X UY is the bicolored combined graph shown above consisting of both red and blue edges.
Applying the free functor Free: Gph — Cat to X UY, we get the category

C = Free(X) +pjs(p) Free(Y),
where Disc(B) = Free(disc(B)).

Then the set of paths from a vertex v of the pushout graph X UY to the vertex w is the homset C(v, w).
We would like to understand which of these paths are ‘emergent, i.e., not already paths in X orY.

Let M{x,y} be the free monoid on two generators x and y. Then the category C has a unique M{z, y}-
grading where each edge of X has grade x and each edge of Y has grade y. Let I{z,y} be the quotient
of the monoid M{z,y} by relations saying that = and y are idempotent:

=z, Y=y

The quotient map M{xz,y} — I{z,y} lets us push forward the M{z,y}-grading on C to obtain an
I{x,y}-grading on this category.

This has a simplifying effect: Now the grade of a path records only how it goes back and forth between the
graphs X and Y .

Example: If we apply the above grading to our bicolored combined graph X U Y illustrated above,
we get the grading of Cdhl — CyeB — Cdhl as xy and the grading of E2F N CycE — p27 —

CycB — E2F as xyx. This grading gives us a measure of the ‘amount of emergence’ involved in these loops
arising as a consequence of composing the red and the blue graph along the nodes Cyck, CycA, Cdh1 and
CycB.
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Homology for detecting directed loops

For any graph G = (s,t: E — V') and commutative monoid C', we consider
Cls]
C1(G,C) X (G, C),

|

Tk

where

(30(627(7) ::(jq‘/]a (71(627(7):22(7[[§L

the set of formal finite linear combinations of elements of respectively, vertex set V and the edge set
FE with coefficients in C. We call Cy(G, C) (resp. C1(G, C')) the commutative monoid of 0-chains (resp.
1-chains) on G with coefficients in C. Taking the equalizer and coequalizer of Cs| and C[t], we get

. Cls]
H\(G,C) —— C1(G,C) 2 Cy(G,C) —— Hy(G,0),

where we call the equalizer H1(G, C) and the coequalizer Hy(G, C) as the first and zeroth homology
of G with coefficients in C.

Coefficients in N:

For any loop

€1 €2 En—1 €n
3= (o Do B Ty )

in a graph G, we define [v| =e; +ex+ -+ ¢, € C1(G,N). We say two loops v and § homologous if
v] = [0], and call [y] € H{(G,N), the homology class of v and 4.

We call a loop

€1 €2 €n—1 €n
v=(vg —v] = — Up_1 — V)

in a graph G to be simple if all the vertices vy, ..., v,_1 are distinct.
Proposition: For any graph G, Hi(G, N) is generated by the homology classes of simple loops in G.

Directed loop vs undirected loop:

3 / ~—
G= u v, G = u v
e ~—7

Hi(G,N) = N, while H;(G',N) = {0}. On the other hand, we have H{(G,Z) = H{(G',Z) = Z. We
have Hy(G,N) = Hy(G',N) = {0} and similarly with Z coefficients, since both graphs are connected.

Emergent directed loops via Mayer-Vietoris

To answer our question, we proved the following version of Mayer-Vietoris for directed graph homol-
ogy.

Theorem: If C'is a cancellative commutative monoid and X, Y are subgraphs of a graph X UY whose inter-
section X NY is a discrete graph, then the following is an equalizer diagram in the category of commutative
monoids:

qC[S]p;(
H\(X,C) & H(Y,C) —— Hi(XUY,C) __{ Hy(XNY,0),

qCltlpx
where
. H{(X,C) H1(Y,C) —» H(XUY,C), (cx,cy) — cx + cy.

"px: C1(XUY,C) — C1(X,C) by
px(c) = cx,

= Cs],Clt]: C1(X,C) — Cy(X,C) induced from source and target maps,
" q: Co(X,C) — Ho(X NY,C) induced by
¢': Co(X,0) = Co(X NY, C),

given as

q' Z cpU | = Z Cy V.

ve{vertices of X'} ve{vertices of XNY'}

By the symmetry between X and Y, the analogous diagram with px replaced by py- is also an equalizer.

Example: In the context of our example graphs illustrated in the left column, the associated monomor-
phism v: H1(X,C)® H1(Y,C) - H(X UY, (), (cx,cy) — cx + cy Is not an isomorphism.

Feedback around a loop

For any commutative monoid C, and any C-labeled graph (G, ¢: E — C'), there is a map
Ci(G,N) = C

Z Ne€ Z nel(e),

ecl ecl

defined by

which restricts to a homomorphism of commutative monoids that we call (: Hi(G,N) — C. Given a
cycle c € H{(G,N), we call £(c) the feedback of (G, /) around c.

Observation: For any commutative monoid C and any C-labeled graph (G, ¢), the homomorphism

~

¢: Hi(G,N) — C'is determined by its values on the homology classes of simple loops.

Example: The feedback around the emergent feedback loops Cdhl — CyecB — Cdhl is '+, and
along E2F = CycE = p27 — CycB — E2F is ‘—’ as C' = (Z]2, x).
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